Wilson lines, Grassmannians and Gauge Invariant Off-shell Amplitudes in
  N=4 SYM by Bork, L. V. & Onishchenko, A. I.
ar
X
iv
:1
60
7.
02
32
0v
2 
 [h
ep
-th
]  
27
 Se
p 2
01
6
Wilson lines, Grassmannians and Gauge Invariant
Off-shell Amplitudes in N = 4 SYM.
L.V. Bork1,2 A.I. Onishchenko3,4,5
1Institute for Theoretical and Experimental Physics, Moscow, Russia,
2The Center for Fundamental and Applied Research, All-Russia Research Institute of
Automatics, Moscow, Russia,
3Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research,
Dubna, Russia,
4Moscow Institute of Physics and Technology (State University), Dolgoprudny, Russia,
5Skobeltsyn Institute of Nuclear Physics, Moscow State University, Moscow, Russia
Abstract
In this paper we consider tree-level gauge invariant off-shell amplitudes (Wil-
son line form factors) in N = 4 SYM. For the off-shell amplitudes with one leg
off-shell we present a conjecture for their Grassmannian integral representation in
spinor helicity, twistor and momentum twistor parameterizations. The presented
conjecture is successfully checked against BCFW results for MHVn, NMHV4 and
NMHV5 off-shell amplitudes. We have also verified that our Grassmannian integral
representation correctly reproduces soft (on-shell) limit for the off-shell gluon mo-
mentum. It is shown that the (deformed) off-shell amplitude expressions could be
also obtained using quantum inverse scattering method for auxiliary gl(4|4) super
spin chain.
Keywords: super Yang-Mills theory, off-shell amplitudes, form factors, superspace,
reggeons, spin chains
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1 Introduction
N = 4 SYM theory is an excellent playground for testing new computational methods for
D = 4 dimensional gauge theories. In the last decade we have witnessed a serious progress
in understanding the structure of amplitudes (S-matrix) in N = 4 SYM as well as in other
gauge theories (see for a review [1, 2]). The main role in these achievements was played
by a number of so called unitarity methods based on the exploration of the amplitude
analytical structure [1, 2]. The latter are given for example by BCFW recursion [3, 4]
for tree amplitudes and generalized unitarity (see [1] and references therein) for loop
amplitudes. We should especially mention the use of new variables, such as helicity
spinors (see appendix A for details) and momentum twistors [5], together with superspace
methods [6,7] (see also recent review [8]). The application of these new methods provided
us with the explicit answers for amplitudes both at high orders of perturbation theory
and/or with large number of external legs (see [1, 2] for a review and reference therein),
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which in their turn lead to several important all-loop results as well as to the discovery
of underlying integrable structure behind amplitudes of N = 4 SYM [9–18].
Another novel way of studying scattering amplitudes is based on their Grassmannian
integral representation [19–24]. It naturally unifies different BCFW representations for
tree level amplitudes and loop level integrands [19, 20]. Moreover, it shed light on the
integrable structure behind N = 4 SYM amplitudes (S-matrix) [14, 25, 26]. This rep-
resentation also naturally relates perturbative N = 4 SYM and twistor string theories
amplitudes [23]. In addition a possible geometrical interpretation of N = 4 SYM (so
called Amplituhedron) was discovered within Grassmannian picture [5, 27–33].
The unitary based methods were applied not only to study on-shell amplitudes, but
also for partially off-shell objects, such as form factors in N = 4 SYM theory [34–57].
The form factors are the matrix elements of the form1
〈pλ11 , . . . , pλnn |O|0〉, (1.1)
where O is some gauge invariant operator, which when acting on the vacuum state of the
theory produces multi-particle state 〈pλ11 , . . . , pλnn | with momenta p1, . . . , pn and helicities
λ1, . . . , λn. One can view form factors as amplitudes of the processes where classical field
coupled through gauge invariant operator O produces quantum state. Grassmannian
representation is no exception and can be applied to form factors as well [58–61].
Another interesting off-shell objects are gauge invariant off-shell amplitudes [62–69]
(reggeon amplitudes within the context of Lipatov’s effective lagrangian), which typically
appear in kT - or high-energy factorization approach [71–74] as well as in the study of
processes at multi-regge kinematics. We should mention, that there are also other studies
of off-shell currents and amplitudes [75–79]. (see also [80] for a review and references to
original papers). However, the off-shell objects studied there are either gauge dependent
[75–77] or lack Lorentz invariance [78, 79]. Usually within the context of application of
unitarity based methods to form factors O is local gauge invariant color singlet operator,
for example operators from stress-tensor operator supermultiplet [34–38,81–84]. However
in general one can consider also gauge invariant non-local operators, such as Wilson loops
(lines). This brings us to the following important observation. We can formulate gauge
invariant off-shell amplitudes in Yang-Mills theory in terms of form factors of Wilson line
operators [62–69]. See also [70] for the discussion of amplitudes with off-shell fermions.
An insertion of Wilson line operator plays the role of off-shell or reggeized gluon in such
formulation. Keeping in mind an extremely important role played by Wilson loops in
N = 4 SYM theory it is very interesting to study the possibility of Grassmannian integral
representation for gauge invariant off-shell amplitudes (Wilson line form factors). The
aim of this article is to investigate this question in detail.
This paper is organized as follows. In section 2 we discuss the definition and kinematics
of gauge invariant off-shell amplitudes in terms of form factors of Wilson line operators
1The on-shell amplitudes in ”all ingoing” notation may be viewed as a particular case of form factors
of unity operator 〈pλ11 , . . . , pλnn |0〉.
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corresponding to off-shell gluons in N = 4 SYM theory. Here we also derive an expression
for the “minimal” 2+1 point tree level off-shell amplitude, such that two on-shell particles
are treated in manifestly supersymmetric manner (using on-shell momentum superspace),
while the off-shell gluon is left unsupersymmetrized. In section 3 we use generalization
of BCFW recursion for off-shell amplitudes [62] to derive some explicit answers for gauge
invariant amplitudes with one leg off-shell in MHV and NMHV sectors. In section 4 after
reminding the reader the basic facts about Grassmannian integral representation for N =
4 SYM on-shell amplitudes (on-shell diagram formalism, et.c.) we present our conjecture
for Grassmannian integral representation for all tree-level gauge invariant amplitudes with
one leg off-shell (Wilson-line form factors). We present our conjecture using spinor helicity,
twistor and momentum twistor variables. In section 5 we verify our conjecture for the
Grassmannian integral representation by reproducing the results obtained in section 2
together with the appropriate soft (on-shell) limit for off-shell momentum. We also derive
a conjecture for NMHVn+1 off-shell tree level amplitudes in terms of [abcde] momentum
twistor invariants. In section 6 we discuss integrability properties of tree level gauge
invariant off-shell amplitudes in N = 4 SYM theory. We show that off-shell amplitudes
with one leg off-shell (Wilson-line form factor) are eigenvectors of the transfer matrix of
gl(4|4) super spin chain. In conclusion we summarize all the obtained results and discuss
open questions. The appendixes contain details about spinor helicity formalism, N = 4
SYM theory and evaluation of Grassmannian integrals by residues.
2 Wilson lines and off-shell amplitudes in N = 4 SYM
Before discussing gauge invariant off-shell amplitudes in the context of N = 4 SYM let
us recall the corresponding description in the context of pure Yang-Mills theory.
It is convenient to define off-shell amplitudes we are interested in to be color ordered.
For example, any tree diagram for n-gluon scattering could be reduced to a sum of sin-
gle trace terms. Indeed, if we eliminate structure constants fabc in favor of SU(Nc) -
generators ta, using2
fabc = − i√
2
{
tr (tatbtc)− tr (tbtatc),} (2.2)
together with Fierz rearrangement
(ta) j1i1 (t
a) j2i2 = δ
j2
i1
δ j1i2 −
1
Nc
δ j1i1 δ
j2
i2
(2.3)
to reduce number of traces in each diagram, it is easy to rewrite n-gluon tree amplitude
in a color decomposed form:
Atreen (pi, hi, ai) = gn−2
∑
σ∈Sn/Zn
tr (taσ(1) · · · taσ(n))Atreen (σ(1h1), . . . , σ(nhn)). (2.4)
2We use normalization tr tatb = δab, so that [ta, tb] = i
√
2fabctc
4
Here g is the gauge coupling g
2
4π
= αs, pi, hi are the gluon momenta and helicities.
Atreen (1
h1, . . . , nhn) are the partial amplitudes, which contain all the kinematic information.
Sn is the set of all permutations of n objects, while Zn is the subset of cyclic permutations.
Next, the kinematics of scattering amplitudes involving off-shell gluons could be con-
veniently described using off-shell momentum decomposition typically employed within
high-energy factorization or kT - factorization approach [71–74]. That is, the off-shell
gluon momentum is written as
kµ = xpµ + kµT , (2.5)
where p is the gluon direction (also known as the off-shell gluon polarization vector),
such that p2 = 0, p · k = 0 and x ∈ [0, 1]. It is clear, that there is a freedom in such
decomposition, which is typically parametrized by an auxiliary light-like four-vector qµ,
so that
kµT (q) = k
µ − x(q)pµ with x(q) = q · k
q · p and q
2 = 0. (2.6)
Using the fact, that now kµT is transverse both with respect to p
µ and qµ we can write
down off-shell gluon transverse momentum kµT in the basis of two “polarization” vectors
as [62]:
kµT (q) = −
κ
2
〈p|γµ|q]
[pq]
− κ
∗
2
〈q|γµ|p]
〈qp〉 with κ =
〈q|/k|p]
〈qp〉 , κ
∗ =
〈p|/k|q]
[pq]
. (2.7)
It is easy to see, that k2 = −κκ∗. Moreover, using Schouten identities it could be shown,
that both κ and κ∗ are independent of auxiliary four-vector qµ [62]. The on-shell states
are described by their on-shell momenta and polarization vectors as usual. Having said
that, let us continue with the gauge invariance of the off-shell scattering amplitudes.
It is well known, that off-shell scattering amplitudes are gauge dependent in general.
To insure gauge invariance one typically needs to add additional non-standard contribu-
tions, that is those, which are not calculable from standard QCD Feynman rules. The
first rigorous consideration of the gauge-invariant off-shell scattering amplitudes to our
knowledge was performed within the context of Lipatov’s effective lagrangian [63, 64]
used to describe the QCD high-energy scattering in multi-regge kinematics3. Within Li-
patov’s effective lagrangian approach an off-shell gluon with additional contributions is
interpreted as an effective reggeized gluon. Recently, a new manifestly gauge invariant
definition of scattering amplitudes with an arbitrary number of off-shell external gluons
appeared in [67], where off-shell gluons are described in terms of infinite Wilson lines4.
3See also [65, 66] for earlier studies of effective action for high-energy QCD scattering.
4Earlier studies preceding this construction employed eikonal quark lines and Slavnov-Taylor identities
[68, 69].
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For example, the gauge-invariant scattering amplitude with one leg off-shell is given by
the following matrix element5 [67]
An+1 (1, . . . , n, (n+ 1)∗) = 〈k1, ǫ1, c1; . . . ; kn, ǫn, cn|Wcn+1p (k)|0〉 (2.8)
of Wilson line operator6
Wcp(k) =
∫
d4xeix·kTr
{
1
πg
tc P exp
[
ig√
2
∫ ∞
−∞
ds p · Ab(x+ sp)tb
]}
. (2.9)
Here p is the direction of the off-shell gluon, k is its off-shell momentum and c - color
index. Similarly |ki, εi, ci〉 describes on-shell gluon state with momentum ki, polarization
vector εi and color index ci. Colour ordered version of this object can be obtained via
(2.4). The helicities of on-shell gluons are not shown.
In the case of N = 4 super Yang-Mills theory we have both scalars and gluons in
the adjoint representation of gauge group in addition to the gluons of pure Yang-Mills
theory7. To keep track of the components of the on-shell states it is highly convenient
to introduce an on-shell superspace [6]. For each external on-shell leg we introduce four
Grassmann variables η˜iA labeled by the SU(4) index A = 1, 2, 3, 4 and leg index i. This
allows us to collect the 16 states (creation/annihilation operators) into N = 4 on-shell
chiral superfield
Ωi = g
+
i + η˜
i
Aψ
A
i +
1
2!
η˜iAη˜
i
Bφ
AB
i +
1
3!
η˜iAη˜
i
B η˜
i
Cǫ
ABCDψ¯i,D +
1
4!
η˜iAη˜
i
Bη˜
i
C η˜
i
Dǫ
ABCDg−i , (2.10)
where g± denote two physical polarizations of gluon, n-particle on-shell state is then given
by |Ω1...n〉 =
∏n
i=1Ωi|0〉.
The Wilson line operator above could be also supersymmetrized. First of all, there
is both chiral [85–87] and non-chiral [87] versions of smooth supersymmetric Maldacena-
Wilson loops [88, 89]. The supersymmetric chiral version of Maldacena-Wilson loop is
given by [87]:
WMW = 1
Nc
TrP exp
(
−
∮
Z
dτ(pµAµ + θ˙
αAα + q
iΦi)
)
, (2.11)
where the superpath Z = {xµ, θα, qi} and qi is constrained by q2 = qiqi = pµpµ, (µ =
1, . . . , 4, i = 1, . . . 6), so that qi =
√
pµpµn
i with ni being a unit vector. In our case
pµpµ = 0 and the contribution of scalars could be neglected. In this case Maldacena-
Wilson loop turns into a light-like supersymmetric Wilson loop [90–92]. Its chiral version
is written as follows [90, 91]:
WLL = 1
Nc
TrP exp
(
−
∫
A
)
, (2.12)
5The asterisk denotes an off-shell gluon
6The color generators are normalized as Tr(tatb) = δab
7see appendix A for N = 4 SYM lagrangian and field content.
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where
A =dx
2
(
A+ ψ¯Aθ
A +
1
2
DφABθ
AθB − 1
3!
εABCDDψ
AθBθCθD +
1
4!
εABCDDFθ
AθBθCθD + . . .
)
+ dθA
(
−1
2
φABθ
B +
1
3
εABCDψ
BθCθD +
1
6
εABCDFθ
BθCθD + . . .
)
. (2.13)
Here the summation over dotted and undotted Weyl indexes is assumed. The factor 1/2
comes from the substitution dxµAµ → dxαα˙2 Aαα˙.
µ ν =
−gµν
k2
, =
1
2p · k , =
1
/k
=
1
k2
,
µ
=
√
2pµ,
µ
=
1√
2
σµ,
µ
23
=
1√
2
(p2 − p3)µ,
1
23
=
1√
2
[(k1 − k2)µ3gµ1µ2 + (k2 − k3)µ1gµ2µ3 + (k3 − k1)µ2gµ3µ1 ] .
Figure 1: Color ordered Feynman rules from Wilson lines expansion together with N = 4
SYM propagators and 3-point vertexes. A coil denotes ordinary gluon, a coil crossed by
line stands for off-shell gluon coming from Wilson line, solid line denotes fermion and
dashed line stands for scalar.
In the present paper we however decided to keep off-shell gluon and corresponding
light-like Wilson line non-supersymmetric, while treating the on-shell states in a super-
symmetric fashion. The explicit calculations of different 3-point off-shell component am-
plitudes (interactions of the off-shell gluon with on-shell gluons, fermions and scalars)
with the use of Feynman rules in Fig. 1 showed that the 3-point amplitude with one off-
shell gluon and two other supersymmetric on-shell states could be written in the following
form:
A∗2,2+1(1
∗, 2, 3) =
1
κ∗1
4∏
A=1
∂
∂η˜Ap
[
δ4(k + λ2λ˜2 + λ3λ˜3)δ
8(λpη˜p + λ2η˜2 + λ3η˜3)
〈p2〉〈23〉〈3p〉
]
. (2.14)
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The momenta of on-shell states are given by ki = λiλ˜i, while for the momentum of the off-
shell gluon denoted by k we use decomposition (2.5). The off-shell gluon direction p and
axillary “momentum” (four-vector) q are given by p = λpλ˜p and q = λqλ˜q light like four-
vectors. We will label corresponding spinors as λi ≡ |i〉, λ˜i ≡ [i|, λp ≡ |p〉, λ˜p ≡ [p| and
λq ≡ |q〉, λ˜q ≡ [q|. Also to denote helicities of the amplitudes the following notation will be
used. We will call amplitude with n on-shell particles with overall helicity λΣ = n+2−2k
as Nk−2MHV amplitude and refer to it as A∗k,n+1. For on-shell amplitudes the standard
notation will be used, that is Ak,n will denote N
k−2MHV amplitude. In what follows
to simplify notation we will however drop the derivatives over the Grassmann variables
corresponding to the off-shell gluon and just write
A∗2,2+1(1
∗, 2, 3) =
1
κ∗1
δ4(k + λ2λ˜2 + λ3λ˜3)δ
8(λpη˜p + λ2η˜2 + λ3η˜3)
〈p2〉〈23〉〈3p〉 . (2.15)
Below we will also always drop the indexes of κ∗ and κ, as the amplitudes we are going
to consider in this paper will have only one off-shell gluon.
3 Off-shell BCFW recursion in N = 4 SYM
The off-shell BCFW recursion for gauge invariant gluon off-shell scattering amplitudes
with an arbitrary number of off-shell gluons was worked out in [62]. Here, we will remind
the reader the main results of [62], comment on supersymmetric extension of the off-shell
BCFW and perform some example calculations, which will be later compared with the
results obtained from our Grassmannian representation.
The BCFW recursion [3, 4] is based on the observation, that a contour integral of an
analytical function f vanishing at infinity equals to zero, that is∮
dz
2πi
f(z)
z
= 0. (3.16)
and the integration contour expands to infinity. If f is a rational function of a complex
variable we have
f(0) = −
∑
i
resif(z)
zi
, (3.17)
where the sum is over all poles of f and resif(z) is a residue of f at pole zi. In the original
on-shell BCFW recursion the z-dependence of scattering amplitude is obtained by a z-
dependent shift of particle’s momenta. Similarly, the off-shell gluon BCFW recursion
of [62] is formulated using a shift of momenta for two external gluons i and j with a
vector
eµ =
1
2
〈i|γµ|j], pi · e = pj · e = e · e = 0, (3.18)
8
so that
kˆµi (z) ≡ kµi + zeµ = xi(pj)pµi −
κi − [ij]z
2
〈i|γµ|j]
[ij]
− κ
∗
i
2
〈j|γµ|i]
〈ji〉 , (3.19)
kˆµj (z) ≡ kµj − zeµ = xj(pi)pµj −
κj
2
〈j|γµ|i]
[ji]
− κ
∗
j + 〈ij〉z
2
〈i|γµ|j]
〈ij〉 . (3.20)
This shift does not violate momentum conservation and we still have pi · kˆi(z) = 0 and
pj · kˆj(z) = 0. We would like to note, that the overall effect of shifting momenta is that
the values of κi and κ
∗
j shift while κ
∗
i and κj are not effected. In the on-shell limit this
shift corresponds to the usual [ij〉 BCFW shift. Note also, that we could also have chosen
another shift vector eµ = 1
2
〈j|γµ|i] and shift κ∗i and κj instead. The off-shell amplitudes
we consider in this paper do also have a correct large z (z → ∞) behavior [62], so that
we should not worry about boundary terms at infinity.
The sum over the poles (3.17) for z-dependent off-shell gluon scattering amplitude is
given by the following graphical representation8 [62]:
1 n
2 n− 1 =
n−2∑
i=2
∑
h
Ai,h +
n−1∑
i=2
Bi + C+ D, (3.21)
where
Ai,h =
1ˆ
i
h 1
k21,i
nˆ
i+ 1
−h
Bi =
1ˆ
i
1
2pi · ki,n
nˆ
i
C =
1
κ1
1ˆ nˆ
2 n− 1 D =
1
κ∗n
1ˆ nˆ
2 n− 1 (3.22)
kµi,j ≡ kµi + kµi+1 + · · · + kµj and h is an internal on-shell gluon helicity or a summation
index over all on-shell states in the Nair on-shell supermultiplet in the supersymmetric
case discussed later. The Ai,h terms are the usual on-shell BCFW terms, which correspond
to the z - poles at which internal gluon propagator kˆ21,i(z) vanishes. The Bi terms refer
to the situation when the denominators of eikonal propagators coming from Wilson line
8We are considering color ordered scattering amplitudes and without loss of generality may use shift
of two adjacent legs 1 and n.
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expansion vanish, that is pi · kˆi,n(z) = 0 and pµi is the direction of Wilson line associated
with the off-shell gluon. We want to stress, that this term is present only if i labels an
off-shell external gluon. The C term is only present if the gluon number 1 is off-shell.
It appears due to vanishing of the external momentum square kˆ21(z). Similarly, the D
term is due to vanishing of the external momentum square kˆ2n(z). It turns our that both
these contributions could be calculated in terms of the same scattering diagrams with the
off-shell gluons 1 or n exchanged for the on-shell ones. The helicity of the on-shell gluons
depends on type of the term (C or D) and the shift vector eµ (1
2
〈i|γµ|j] or 1
2
〈j|γµ|i]) used.
We refer the reader to [62] for further details. In what follows we will not see C or D
contributions as the only shifts we are going to use involve only on-shell legs.
The use of shifts involving only on-shell legs also allows us easily perform the super-
symmetrization of the off-shell BCFW recursion introduced in [62]. Indeed, it is easy to
see, that the supersymmetric shifts of momenta and corresponding Grassmann variables
are given by the on-shell BCFW [ij〉 super-shifts9:
|ˆi] = |1] + z|j], |jˆ〉 = |j〉 − z|i〉, ηˆiA = ηiA + zηjA. (3.23)
No other spinors or Grassmann variables shift.
Now let us consider the solution of the described BCFW recursion for some particular
cases of the scattering amplitudes with one leg off-shell. In the case of 4-point MHV off-
shell amplitude A∗2,3+1(1
+2+3−4∗) (4-th leg is off-shell) the BCFW contributions relevant
to [12〉 - shift are depicted in Fig. 2. The [12〉 - shift itself is given by the following
expressions
|1̂] = |1] + z|2], |2̂] = |2], |1̂〉 = |1〉, |2̂〉 = |2〉 − z|1〉, (3.24)
that is10 p̂1 = p1 + ze and p̂2 = p2 − ze, where eµ = 12〈1|γµ|2] . The A∗(a)2,4 contribution is
given by
A
∗(a)
2,4 =
1
κ∗
〈P̂4〉3
〈p1̂〉〈1̂P̂ 〉 ×
1
(p1 + k)2
×− [P̂ 2̂]
4
[2̂3][3P̂ ][P̂ 2̂]
, (3.25)
where P̂ = p̂1 + k. Now noticing, that 〈P̂4〉[P̂2] = 〈p3〉[32] and 〈1P̂ 〉[3P̂ ] = 〈12〉[23] we
get A
∗(a)
2,4 =
1
κ∗
〈3p〉4
〈12〉〈23〉〈3p〉〈p1〉 . The A
∗(b)
2,4 contribution on the other hand is given by
A
∗(b)
2,4 =
〈q|γµ|1̂]√
2〈q1̂〉
√
2pµ
−1
2p · p1
4∗
2̂+
3− = − 〈qp〉[p1̂]〈q1〉〈p1〉[1p]
4∗
2̂+
3− (3.26)
9These shifts respect both momentum and supermomentum conservation.
10For on-shell states in our convention ki = pi.
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where q is the polarization reference momentum for the first gluon. This contribution
however turns out to be zero as (z = − [1p]
[2p]
from p · p̂1 = 0):
|1̂] = |1]− [1p]
[2p]
|2] = [21]
[2p]
{ |1][2|
[21]
− |2][1|
[21]
}
|p] = [21]
[2p]
|p]. (3.27)
In the last step we have used Schouten identity. So, finally (hereafter in this section we
will drop the total momentum conservation δ - function δ4
(
λ1λ˜1 + . . .+ λnλ˜n + k
)
)
A∗2,3+1(1
+2+3−4∗) =
1
κ∗
〈3p〉4
〈12〉〈23〉〈3p〉〈p1〉. (3.28)
Using this result we can also immediately write down the answer for anti-MHV four point
amplitude
A∗2,3+1(1
−2−3+4∗) =
1
κ
[3p]4
[12][23][3p][p1]
. (3.29)
In the case of NMHV off-shell amplitude with 5 legs A∗3,4+1(1
+2+3−4−5∗) corresponding
A
∗(a)
2,4 =
4∗
1̂+
− 1
k22,3
3−
2̂+
+ A
∗(b)
2,4 =
4∗
1̂+
−1
2p · k2,3
4∗
2̂+
3−
Figure 2: BCFW contributions for A∗2,3+1(1
+2+3−4∗) for the case of [1, 2〉 shift
BCFW contributions could be found in Fig. 3. The contribution A
∗(c)
3,5 is zero for the same
reason the similar contribution turns out to be zero in the on-shell BCFW recursion. On
the other hand, contribution A
∗(d)
3,5 is zero for the same reason as A
∗(b)
2,4 contribution in
previous example. The A
∗(a)
3,4+1 contribution is given by
A
∗(a)
3,4+1 =
1
κ∗
〈P̂ p〉3
〈p1̂〉〈1̂P̂ 〉 ×
1
(p2 + p3 + p4)2
× 〈34〉
4
〈2̂3〉〈34〉〈4P̂ 〉〈P̂ 2̂〉 , (3.30)
where P̂ = p̂1 + k and k is off-shell momentum of 5-th leg. To simplify this expression it
is convenient to multiply both its numerator and denominator by [P̂2]3. Now using easily
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Figure 3: BCFW contributions for A∗3,4+1(1
+2+3−4−5∗) for the case of [1, 2〉 shift
derived relations (z =
p22,4
〈1|3+4|2] is determined from the condition (p̂1 + k)
2 = 0)
〈1̂P̂ 〉[P̂2] = −〈1|3 + 4|2], 〈4P̂ 〉[P̂2] = 〈34〉[32], 〈P̂ 2̂〉[P̂2] = 〈34〉[34],
〈P̂ p〉[P̂2] = 〈p|3 + 4|2], 〈51̂〉 = 〈p1〉, 〈2̂3〉 = 〈23〉 − z〈13〉 = 〈23〉 − p
2
2,4
〈1|3 + 4|2]〈13〉
(3.31)
the expression for A
∗(a)
3,4+1 contribution could be written in the following form
A
∗(a)
3,4+1 =
1
κ∗
〈p|3 + 4|2]3〈34〉
〈p1〉[23][34]p22,4(〈1|3 + 4|2]〈23〉 − p22,4〈13〉)
. (3.32)
This expression can be further simplified to the form
A
∗(a)
3,4+1 =
1
κ∗
〈p|3 + 4|2]3
〈p1〉[23][34]p22,4〈1|2 + 3|4]
. (3.33)
Analogously for the A
∗(b)
3,4+1 contribution we have
A
∗(b)
3,4+1 =
1
κ
[p1̂]4
[p4][4P̂ ][P̂ 1̂][1̂p]
× 1
(p2 + p3)2
× [2̂P̂ ]
4
[P̂3][32̂][2̂P̂ ]
, (3.34)
where P̂ = p̂1 + p4 + k. Again, to simplify this expression, it is convenient to multiply
both its numerator and denominator by 〈P̂1〉3. Using the relations (z = 〈23〉〈13〉 is determined
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from the condition (p̂2 + p3)
2 = 0)
[2P̂ ]〈P̂1〉 = −[23]〈31〉, [4P̂ ]〈P̂1〉 = 〈1|2 + 3|4], [P̂3]〈P̂1〉 = −〈12〉[23],
[1̂p] = [1p] + z[2p] = −〈3|1 + 2|p]〈13〉 , [32̂] = [32],
[P̂ 1̂]〈P̂1〉 = 〈1|2 + 3|1̂] = 〈1|2 + 3|1] + p22,3 = p21,3, (3.35)
we get
A
∗(b)
3,5 =
1
κ
〈3|1 + 2|p]3
[4p]〈1|2 + 3|4]〈12〉〈23〉(〈1|2+ 3|1] + p22,3)
, (3.36)
which after additional simplifications can be written as
A
∗(b)
3,5 =
1
κ
〈3|1 + 2|p]3
〈12〉〈23〉[4p]p21,3〈1|2 + 3|4]
. (3.37)
Combining all terms together we finally obtain:
A∗3,4+1(1
+2+3−4−5∗) =
1
κ∗
〈p|3 + 4|2]3
〈p1〉[23][34]p22,4〈1|2 + 3|4]
+
1
κ
〈3|1 + 2|p]3
〈12〉〈23〉[4p]p21,3〈1|2 + 3|4]
.
(3.38)
It is interesting to compare this result with [1, 2〉 BCFW shift representation of 6 - point
on-shell amplitude A3,6(1
+2+3−4−5−6+):
A3,6(1
+2+3−4−5−6+) =
〈5|3 + 4|2]3
〈56〉〈61〉[23][34]p22,4〈1|2 + 3|4]
+
〈3|1 + 2|6]3
〈12〉〈23〉[45][56]p21,3〈1|2 + 3|4]
.
(3.39)
This expression could be further supersymmetrized and written as
A3,6 = A2,6R142 + A2,6R153 + A2,6R152, (3.40)
where
A2,6R152 =
δ8(q1...6)δˆ
4(126)
〈34〉〈45〉[12][16]〈5|3 + 4|2]〈3|4 + 5|6]p23,5
, (3.41)
A2,6R142 =
δ8(q1...6)δˆ
4(234)
〈56〉〈16〉[43][23]〈1|5 + 6|4]〈5|4 + 3|2]p22,4
, (3.42)
A2,6R153 =
δ8(q1...6)δˆ
4(456)
〈12〉〈23〉[45][65]〈1|3 + 2|4]〈3|5 + 4|6]p21,3
. (3.43)
Here to simplify notation we used abbreviation δˆ4(ijk) ≡ δˆ4(ηi[jk] + perm.) Component
expression obtained before can be extracted from supersymmetric version as coefficient
in front of η˜43 η˜
4
4 η˜
4
5. The third term vanishes for this particular component. Next, each
term in (3.40) could be associated with a particular residue in the Grassmannian integral
considered in next section and will be discussed in more detail later on.
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4 Grassmannian representation for off-shell ampli-
tudes in N = 4 SYM
The Grassmannian representation for the off-shell amplitudes with one leg off-shell could
be obtained in the same way as the Grassmannian representation for the form factors
[58, 59, 61], see also [60]. It was noticed in [59], that the top-cell diagrams11 for the
form factors could be obtained from the top-cell diagrams for amplitudes by applying
to them square and merge/unmerge moves until a box appears on the boundary of the
corresponding on-shell diagram, which should be then replaced with the corresponding
minimal form factor. Graphically, this relation reads12
n · · · 3 2 1
n+ 2n+ 1
−→
n · · · 3 2 1
,
(4.44)
where the box at the legs n + 1 and n + 2 was replaced for the sake of concreteness. A
similar relation of form factor on-shell diagrams to the amplitude on-shell diagrams was
obtained in [58, 61] based on soft limit procedure. There the corresponding box diagram
is deformed by extra soft factor, what makes the box equivalent to the corresponding
minimal form factor. One should check, that the obtained this way top-cell diagrams for
off-shell amplitudes do have correct color ordering compared to the case of form factors
of color singlet operators. In the latter case we always have correct color ordering. In
what follows, after a brief remainder of the on-shell diagrams and Grassmannians, we
will present the details of the derivation of the Grassmannian representation for NkMHV
amplitudes with one leg off-shell.
4.1 On-shell diagrams and Grassmannians
The on-shell Nk−2MHV tree level scattering amplitudes or leading singularities of their
loop counterparts in the planar N = 4 SYM could be written in terms of contour integrals
over the Grassmannians G(k, n) [19]. The Grassmannian G(k, n) is defined as a space of
k-dimensional planes in Cn, passing through origin, so that its points are given by k × n
11In general, there will be several top-cell diagrams for a particular form factor compared to single
top-cell diagram in the case of off-shell amplitudes.
12We have borrowed this nice picture from [59]
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matrices C modulo GL(k) transformation related to the basis choice. Thus, for Nk−2MHV
on-shell amplitude we have
Ak,n =
∫
Γk,n
dk×nC
Vol[GL(k)]
δk×2(C · λ˜)δk×4(C · η˜)δ(n−k)×2(C⊥ · λ)
(1 · · · k)(2 · · ·k + 1) · · · (n · · · k − 1) , (4.45)
where Γk,n is the integration contour
13, that is the prescription describing which particular
combinations of consecutive minors of matrix C should vanish when computing residues.
Here, (i1, . . . ik) denotes minor corresponding to columns i1, . . . , ik and C
⊥ is the orthog-
onal complement of C fulfilling C(C⊥)T = 0 . The δ - functions in the formula above
encode momentum and supermomentum conservation, that is, for example
(C · λ˜)α˙I =
n∑
i=1
CIiλ˜
α˙
i = 0 and (C
⊥ · λ)αJ =
n∑
i=1
C⊥Jiλ
α
i = 0 imply λ · λ˜ = 0. (4.46)
and similarly for supermomentum. The appearance of the Grassmannians in the de-
scription of on-shell scattering amplitudes was fully understood with the introduction of
on-shell diagrams [20]. These diagrams (graphs) are built though gluing two basic triva-
lent vertices - ”black” and ”white”, corresponding to three-point MHV A2,3 and anti-MHV
A1,3 amplitudes:
= A2,3 =
δ4(λ1λ˜1 + λ2λ˜2 + λ3λ˜3)δ
8(λ1η˜1 + λ2η˜2 + λ3η˜3)
〈12〉〈23〉〈31〉 ,
= A1,3 =
δ4(λ1λ˜1 + λ2λ˜2 + λ3λ˜3)δ
4([12] η˜3 + [23] η˜1 + [31] η˜2)
[12] [23] [31]
.
(4.47)
For a research preceding on-shell diagram formalism see [19, 21–23]. The on-shell dia-
grams are used to describe different BCFW terms (Yangian invariants) in the BCFW
decomposition of the tree level scattering amplitudes or integrands in the case of loop
amplitudes. The MHV level k and the number of legs (multiplicity) of the amplitude the
on-shell graph corresponds to could be related to the numbers of white nw and black nb
vertexes together with the number of internal lines nI as
n = 3(nw + nb)− 2nI , k = nw + 2nb − nI . (4.48)
In the Grassmannian representation A2,3 and A1,3 amplitudes are given by an integral
over Grassmannians G(2, 3) and G(1, 3) correspondingly. The gluing procedure then give
rise to a larger Grassmannian G(k, n). The number of degrees of freedom d of a general
13The integration goes not over the all points of the Grassmannian, but only those, which belong to
the so called positive Grassmannian G+(k, n) [20]. The latter is a submanifold of G(k, n), such that
all consecutive minors for its points are positive. In what follows we will always understand positive
Grassmannian G+(k, n) when referring to Grassmannian G(k, n)
15
on-shell diagram is given by the number of its edges minus number of its internal nodes
(we subtract GL(1) gauge redundancy associated to every internal node)
d = nI − (nb + nw). (4.49)
For a planar14 on-shell diagram with F - faces this is equal to d = F−1. The corresponding
Grassmannian integral written in terms of graph’s degrees of freedom takes so called
”d log” form [20]:∮
f1
f1
∮
f2
f2
· · ·
∮
fd
fd
δk×2(C(fi) · λ˜)δk×4(C(fi) · η˜)δ(n−k)×2(C⊥(fi) · λ), (4.50)
where we used face variables fi
15, however similar form could be also obtained using
d independent edge variables. The k × n matrix C is expressed in terms of faces or
edge variables using so called boundary measurement operation [96]. To do so, one first
introduces a perfect matching P , which is a subset of edges in the graph, such that every
internal node is the endpoint of exactly one edge in P and external nodes belong to one or
no edge in P . In one-to-one correspondence to perfect matching is a perfect orientation.
A perfect orientation is an assignment of special orientation to edges, such that each white
vertex has a single incoming arrow and each black vertex has a single outgoing arrow.
The edge with a special orientation at each internal node (directed from black to white
vertex in our case) is precisely the edge belonging to the perfect matching subset [96,97].
Given a perfect orientation all external nodes are divided into sources and sinks. Then
entries of the matrix C are given by [96]:
Cij(α) =
∑
Γ ∈ {i→j}
(−1)sΓ
∏
e ∈ Γ
α{−1,1}e , (4.51)
where i runs over sources, j runs over all external nodes and Γ is an oriented path from
i to j consistent with perfect orientation. If the edge is traversed in the direction from
white to black node16, then the power of edge variable is 1, and −1 when traversing in
opposite direction. The sΓ in the formula above is the number of sources strictly between
nodes i and j.
The encodings of the scattering amplitudes in terms of on-shell graphs is not unique
[20]. On-shell diagrams form equivalence classes. Equivalent diagrams are related by a
sequence of equivalence moves, such as square move, merge/unmerge move and bubble
reduction, see Fig. 4. It should be noted, that while the bubble reduction decreases
the number of degrees of freedom in the diagram by one, the region of Grassmannian
parametrized by the diagram (cell) stays the same. It turns out that there is a one-
14For nonplanar on-shell diagrams see [95] and references therein.
15The face variables are given by products of all edge variables around the faces and are subject to
constraint ΠFi=1fi = 1
16It is just a convention for assigning edge variables, which could have been chosen differently.
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Figure 4: Equivalence moves for on-shell diagrams: a) square move, b) merge/unmerge
move for black nodes (similar for white nodes), c) bubble reduction.
to-one correspondence between the reduced modulo equivalence transformations on-shell
diagrams and decorated permutations [20]. A decorated permutation is an injective map
σ : {1, . . . , n} → {1, . . . , 2n}, (4.52)
such that 1 ≤ σ(i) ≤ i+n and σ modulo n is an ordinary permutation. The permutation
is constructed from the on-shell diagram as follows: starting from i-th leg one follows in-
ternal edges of the graph turning right at each black vertex and left at each white vertex,
the external leg j where this path ends is given by the image σ(i). There is also a corre-
spondence between submanifolds of G(k, n) (positroid cells) and on-shell diagrams labeled
by decorated permutations [20]. The permutation in this case encodes a linear dependence
between columns of C-matrix describing points of the Grassmannian: σ(i) ≥ i labels the
first column cσ(i) such that ci ∈ span{ci+1, . . . , cσ(i)}. It is possible also to construct in a
systematic way an on-shell diagram starting from a corresponding permutation [20] . The
procedure is known as a BCFW bridge addition construction. First, the permutation is
decomposed into a chain of consequent transpositions. Then each transposition (i, j) is
interpreted as a BCFW bridge. And finally these BCFW bridges are applied to a corre-
sponding empty vacuum diagram with the prescribed values of k and n17. The BCFW
bridge addition operation is given by
Rijf(λi, λ˜i, η˜i, λj , λ˜j , η˜j) =
∫
dα
α
f(λi − αλj , λ˜i, η˜i, λj, λ˜j + αλ˜i, η˜j + αη˜i) (4.53)
17See [20] for more details.
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Figure 5: Top-cell on-shell diagram for Ak,n on-shell amplitude.
All BCFW terms in the BCFW decomposition of the on-shell scattering amplitude
Ak,n could be obtained starting from a single on-shell diagram (the top-cell diagram)
corresponding to a permutation which is a cyclic shift by k
Ak,n : σ = (k + 1, . . . n, 1, . . . k). (4.54)
A representative on-shell top-cell diagram could be easily constructed as follows18 [96]:
draw k horizontal lines, (n − k) vertical lines so that the left most and topmost are
boundaries and substitute three and four-crossings according to the rules in Fig. 5.
The on-shell diagrams corresponding to BCFW channels are then obtained by removing
(k − 2)(n− k − 2) edges from top cell diagram. It should be noted that not all edges are
removable, but only those which removal lowers the dimension of the on-shell diagram by
exactly one. The corresponding positroid cells are given by submanifolds with extra linear
dependencies between k consecutive columns of the points C of the Grassmannian. The
positroid cells with larger number of linear dependent columns are boundaries of positroid
cells with smaller number of linear dependent columns. In the case of top-cell there are
no k linear dependent consecutive columns.
The on-shell diagrams for scattering amplitudes with one leg off-shell are given by
the corresponding on-shell diagrams for on-shell scattering amplitudes with one of the
vertexes exchanged for the off-shell vertex introduced in Section 2. The cutting off off-
shell vertex (for certainty we will assume that the number of the off-shell leg is n + 1)
from a diagram with n+ 1 legs results in the on-shell diagram with n+ 2 legs containing
only black and white on-shell vertexes. The same on-shell diagram could also be obtained
starting from the on-shell diagram for on-shell scattering amplitude with n + 2 legs and
cutting off the box19 at the boundary of the diagram containing legs n+1 and n+2. We
will need the latter on-shell diagram as a building block later in this section in the gluing
18See also [12], [17] for review.
19One generally needs to perform a series of square and merge/unmerge moves to get a box at a
prescribed position.
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procedure [59] used to derive a Grassmannian representation for the scattering amplitudes
with one leg off-shell. It is not hard to see, that the permutation for this diagram is given
by (the exchanged legs n + 1 and n + 2 in the top-cell permutation for Ak,n+2) [59] :
σ˜ = (k + 1, . . . n, n+ 2, n+ 1, 1, 2, . . . k, k − 1). (4.55)
4.2 Grassmannian representation for amplitudes with one leg
off-shell
Now we are ready to proceed with the derivation of Grassmannian representation for
scattering amplitudes with one leg off-shell. First, let us derive the Grassmannian repre-
sentation for 3-point off-shell vertex presented in section 2. The easiest way20 to get it - is
through the action of R - matrix operators (bridge addition operators) on the deformed
three particle vacuum state analogues to the case of form factors [59] (λ1 = λp):
1
κ∗
δ2(λ1)δ
2(λ˜2)δ
4(η˜2)δ
2(λ˜3)δ
4(η˜3), (4.56)
where (k is the off-shell gluon momentum and p is its direction)
λ˜2 = λ˜2 +
〈3|q
〈32〉 , λ˜3 = λ˜3 +
〈2|q
〈23〉 and q = k − p (4.57)
so that the sum of particle momenta are
λα1 λ˜
α˙
1 + λ
α
2 λ˜
α˙
2 + λ
α
3 λ˜
α˙
3 = λ
α
1 λ˜
α˙
1 + λ
α
2 λ˜
α˙
2 + λ
α
3 λ˜
α˙
3 −
εcb
〈23〉 (λ
α
2λ
c
3 − λc2λα3 ) qbα˙
= λα1 λ˜
α˙
1 + λ
α
2 λ˜
α˙
2 + λ
α
3 λ˜
α˙
3 + q
αα˙. (4.58)
The deformed (the case of non-zero spectral parameters ui) off-shell three-point amplitude
is then given by
A∗2,2+1(1
∗, 2, 3) =
1
κ∗
R23(u32)R12(u31)δ
2(λ1)δ
2(λ˜2)δ
4(η˜2)δ
2(λ˜3)δ
4(η˜3), (4.59)
where as before (u is the spectral parameter)
Rij(u)f(λi, λ˜i, η˜i, λj, λ˜j , η˜j) =
∫
dα
α1+u
f(λi − αλj, λ˜i, η˜i, λj , λ˜j + αλ˜i, η˜j + αη˜i).
(4.60)
20Here we should note, that this is not a valid spin chain description for 3-point off-shell amplitude,
but just a technical trick.
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and uij = ui − uj. So, we have:
A∗2,2+1(1
∗, 2, 3) =
1
κ∗
R23(u23)
∫
dα1
α1+u311
δ2(λ1 − α1λ2)δ2(λ˜2 + α1λ˜1)δ4(η˜2 + α1η˜1)δ2(λ˜3)δ4(η˜3)
=
1
κ∗
∫
dα2
α1+u322
∫
dα1
α1+u311
δ2(λ1 − α1λ2 + α1α2λ3)×
× δ2(λ˜2 + α1λ˜1)δ4(η˜2 + α1η˜1)δ2(λ˜3 + α2λ˜2)δ4(η˜3 + α2η˜2)
=
1
κ∗
∫
dα2
α1+u322
∫
dα1
α1+u311
δ4(C(α1, α2) · λ˜)δ8(C(α1, α2) · η˜)δ2(C⊥(α1, α2) · λ),
(4.61)
where
C(α1, α2) =
(
α1 1 0
0 α2 1
)
and C⊥ =
(
1 −α1 α1α2
)
(4.62)
The same formula could be written as an integral over G(2, 3) Grassmanian as
A∗2,2+1(1
∗, 2, 3) =
1
κ∗
∫
d2×3C
Vol[GL(2)]
1
(12)1−u23(23)1−u31(31)1−u12
δ4(C · λ˜)δ8(C · η˜)δ4(C⊥ · λ),
(4.63)
where (ii + 1) denote consecutive minors of C-matrix. In the following when deriving
Grassmannian integral representation for off-shell amplitudes we will however need only
undeformed 3-point off-shell amplitude at zero values of spectral parameters, which is
given by
A∗2,2+1(1
∗, 2, 3) =
1
κ∗
∫
d2×3C
Vol[GL(2)]
1
(12)(23)(31)
δ4(C · λ˜)δ8(C · η˜)δ4(C⊥ · λ), (4.64)
4.2.1 spinor helicity representation
As we already mentioned in order to write down NkMHV amplitudes as the integrals over
the Grassmanians we will use the gluing procedure as in [59], that is we break the corre-
sponding top cell on-shell diagram for amplitude into two pieces: the mentioned before
box, which we replace with minimal 3-point off-shell amplitude (4.64) and the remaining
purely on-shell piece with n+2 legs, for which a Grassmannian integral representation is
known. After that we glue these two pieces together, i.e. we perform the on-shell phase
space integration. The on-shell piece is given by Grassmannian integral representation of
corresponding on-shell amplitude and can be written as21 [20]:
In+2,k =
∫
dα1
α1
· · · dαm
αm
δk×2(C · λ˜) δk×4(C · η) δ(n+2−k)×2(C⊥ · λ) , (4.65)
21We hope that here and later from the context it will be clear, that k here is Nk−2MHV degree and
not the off-shell gluon momentum
20
where the matrix C depends on the Grassmannian coordinates αi’s, C = C(αi) ∈ G(k, n+
2) and m is the dimension of the corresponding cell in the Grassmannian. The concrete
parametrization of matrix C corresponding to on-shell diagram labeled by permutation σ
could be obtained with the help of Mathematica package positroid.m [98]. So, gluing the
minimal 3-point off-shell amplitude (4.64) to the legs n+ 1 and n+ 2 and accounting for
all helicity configurations in the gluing channel we get22
A∗k,n+1 =
∫ n+2∏
i=n+1
d2λid
2λ˜i
Vol[GL(1)]
d4η˜iA
∗
2,2+1(p
∗, n+ 1, n+ 2)
∣∣∣
λ→−λ
In+2,k (4.66)
That is
A∗k,n+1 =
1
κ∗
∫
dβ2
β2
∫
dβ1
β1
δ2(λp + β1λn+1 − β1β2λn+2)δ2(λ˜n+1 + β1λ˜p)
× δ4(η˜n+1 + β1η˜p)δ2(λ˜n+2 + β2λ˜n+1)δ4(η˜n+2 + β2η˜n+1)
×
∫ n+2∏
i=n+1
d2λid
2λ˜i
Vol[GL(1)]
d4η˜i
∫
dα1
α1
· · · dαm
αm
δk×2(C · λ˜) δk×4(C · η) δ(n+2−k)×2(C⊥ · λ),
(4.67)
were λ˜n+1 = λ˜n+1 +
〈n+2|q
〈n+2|n+1〉 and λ˜n+2 = λ˜n+2 +
〈n+1|q
〈n+1|n+2〉 . Performing integrations over
λ˜n+1, λ˜n+2, η˜n+1 and η˜n+2 we get
λ˜n+1 =
〈n+ 2|q
〈n+ 2|n+ 1〉 − β1λ˜p, λ˜n+2 =
〈n+ 1|q
〈n+ 1|n+ 2〉 + β1β2λ˜p, (4.68)
η˜n+1 = −β1η˜p, η˜n+2 = β1β2η˜p. (4.69)
To remove the Vol[GL(1)]2 redundancy in the remaining integrations over λ, we use their
parametrization as in [59]:
λn+1 = ξA − β3ξB , λn+2 = ξB − β4ξA . (4.70)
Where ξA and ξB are two arbitrary but linearly independent reference spinors. Then
〈n+1 n+2〉 = (β3β4 − 1)〈ξBξA〉,∫
d2λn+1
Vol[GL(1)]
d2λn+2
Vol[GL(1)]
= −〈ξAξB〉2
∫
dβ3dβ4 (4.71)
and23
A∗k,n+1 =
1
κ∗
〈ξAξB〉2
∫
dα1
α1
. . .
dαm
αm
dβ1
β1
dβ2
β2
dβ3dβ4
(1− β3β4)2
× δ2(λp + β1(1 + β2β4)ξA − β1(β2 + β3)ξB)
× δk×2 (C ′(αi, βi) · λ˜) δk×4 (C ′(αi, βi) · η˜) δ(n+2−k)×2
(
C ′⊥(αi, βi) · λ
)
. (4.72)
22Without loss of generality we may choose off-shell leg to lie between legs 1 and n.
23In deriving this formula it was convenient to put λ˜p to zero, so that q = k. Here k = q + p and q
should not be confused with the off-shell gluon polarization vector.
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Here, the following notation was introduced
C ′n+1 =
1
1− β3β4Cn+1 +
β3
1− β3β4Cn+2, C
′⊥
n+1 = C
⊥
n+1 − β4C⊥n+2,
C ′n+2 =
1
1− β3β4Cn+2 +
β4
1− β3β4Cn+1, C
′⊥
n+2 = C
⊥
n+2 − β3C⊥n+1, (4.73)
and
λi = λi, i = 1, . . . n, λn+1 = ξA, λn+2 = ξB
λ˜i = λ˜i, i = 1, . . . n, λ˜n+1 =
〈ξB|k
〈ξBξA〉 , λ˜n+2 = −
〈ξA|k
〈ξBξA〉 ,
η˜i = η˜i, i = 1, . . . n, η˜n+1 = η˜p, η˜n+2 = 0.
(4.74)
The factor of 1/(1−β3β4)2 in (4.72) is a Jacobian from reorganizing the C⊥ ·λ δ - functions
(see [59] for further details). Now, rewriting first δ - function in (4.72) as
δ2(λp + β1(1 + β2β4)ξA − β1(β2 + β3)ξB)
=
1
β21β2〈ξAξB〉
δ(β3 − 〈ξAp〉
β1〈ξAξB〉 + β2) · δ(β4 −
〈ξBp〉
β1β2〈ξAξB〉 +
1
β2
) (4.75)
choosing ξA = λp, ξB = ξ and performing integrations over β3, β4 we get
A∗k,n+1 =
1
κ∗
〈ξp〉
∫
dα1
α1
. . .
αm
αm
dβ1dβ2
β1β
2
2
×
× δk×2 (C ′(αi, βi) · λ˜) δk×4 (C ′(αi, βi) · η˜) δ(n+2−k)×2
(
C ′⊥(αi, βi) · λ
)
, (4.76)
where now
C ′n+1 = −β1Cn+1 + β1β2Cn+2, C ′⊥n+1 = C⊥n+1 +
1 + β1
β1β2
C⊥n+2,
C ′n+2 = −β1Cn+2 +
1 + β1
β2
Cn+1, C
′⊥
n+2 = C
⊥
n+2 + β2C
⊥
n+1, (4.77)
and
λi = λi, i = 1, . . . n, λn+1 = λp, λn+2 = ξ
λ˜i = λ˜i, i = 1, . . . n, λ˜n+1 =
〈ξ|k
〈ξp〉 , λ˜n+2 = −
〈p|k
〈ξp〉 ,
η˜i = η˜i, i = 1, . . . n, η˜n+1 = η˜p, η˜n+2 = 0.
(4.78)
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To write down (4.76) in terms of the integral over the points of the G(k, n + 2) Grass-
mannian parametrized by the elements of C ′ matrix we have considered a number of
particular examples. For example, in the case of A∗2,3+1 scattering amplitude the corre-
sponding permutation and C-matrix are shown in Fig. 6. The C ′ matrix in this case is
given by
C ′ =
(
1 0 −α2 β1(α2α4 − α1β2) α1β1 − α2α4(1+β1)β2
0 1 α3 −α3α4β1 α3α4(1+β1)β2
)
(4.79)
Taking into account the Jacobian of transformation from the Grassmannian Cij matrix
elements to edge variables αi, βj , that is J =
α1α23α4β
2
1
β2
, one can easily see that the result
for A∗2,3+1 off-shell MHV3+1 scattering amplitude could be written in the following form
A∗2,3+1 =
〈ξp〉
κ∗
∫
d2×5C ′
Vol[GL(2)]
δ2×2 (C ′ · λ˜) δ2×4 (C ′ · η˜) δ3×2 (C ′⊥ · λ)
(12)(23)(34)(45)(41)
. (4.80)
Similar consideration of the other examples allows us to write down a general conjecture
I =
3 1
4 5
2
, σ˜ = (3, 5, 4, 2, 1) , C =
(
1 0 −α2 −α2α4 −α1
0 1 α3 α3α4 0
)
.
Figure 6: On-shell sub-diagram I obtained by removing off-shell vertex from A∗2,3+1 dia-
gram, corresponding permutation σ˜ and C matrix.
for the integral over Grassmannian for a general set of values for n and k. Lets consider
the following integral over Grassmannian:
Ωkn+2[Γ] =
〈ξp〉
κ∗
∫
Γ
dk×(n+2)C ′
Vol[GL(k)]
δk×2 (C ′ · λ˜) δk×4 (C ′ · η˜) δ(n+2−k)×2 (C ′⊥ · λ)
(1 · · ·k) · · · (n + 1 · · ·k − 2)(n+ 1 1 · · · k − 1) . (4.81)
We claim that for appropriate choice of the integration contour Γ = Γk,n+2 the following
identity holds
A∗k,n+1 = Ω
k
n+2[Γk,n+2]. (4.82)
4.2.2 twistor representation
The transformation of the obtained result to twistor space could be performed in full
analogy to the case of on-shell amplitudes [19] and form factors [59]. Super twistors are
defined as
Wi = (µ˜i, λ˜i, η˜i), (4.83)
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where µ˜i is related to λi via Witten’s half Fourier transformation [99]∫
d2λj exp(−iµ˜αj λjα). (4.84)
Now recalling, that λn+1 = λp, λn+2 = ξ and using (4.84) 〈ξp〉 could be written as
〈ξp〉 = 〈 ∂
∂µ˜n+1
∂
∂µ˜n+2
〉. (4.85)
Rewriting δ - function δ2×(n+2−k)(C ′⊥ · λ) as [59]:
k∏
K=1
∫
d2ρKδ
2×(n+2)(λi −
k∑
L=1
ρLC
′
Li) , (4.86)
applying half Fourier transformation (4.84) to this representation and performing the
integrals over λi via δ - functions, we find
k∏
K=1
∫
d2ρK exp(−i
n+2∑
j=1
k∑
L=1
ραLC
′
Ljµ˜αj) = δ
2k(C ′ · µ˜) . (4.87)
So, we can rewrite (4.81) and (4.82) as
Ωkn+2[Γ] =
1
κ∗
〈 ∂
∂µ˜n+1
∂
∂µ˜n+2
〉
∫
Γ
dk×(n+2)C ′
Vol[GL(k)]
δ4k|4k(C ′ · W)
(1 · · ·k) · · · (n+ 1 · · ·k − 2)(n+ 1 1 · · · k − 1) .
A∗k,n+1 = Ω
k
n+2[Γk,n+2] (4.88)
4.2.3 momentum twistor representation
The transformation to momentum twistor space could be performed using the strategy
of [22, 59, 100]. The momentum super twistor variables Zi = (λi, µi, ηi) [5] are defined
through introduction of dual super coordinates
λiλ˜i = yi − yi+1, λiη˜i = ϑi − ϑi+1. (4.89)
In Fig. 7 we have shown a contour in the dual space formed by on-shell particles momenta
together with momenta of two auxiliary states n + 1 and n + 2. The components of
momentum twistors are defined then through the following incidence relations
µi = λiyi = λiyi+1, ηi = λiϑi = λiϑi+1. (4.90)
Inverting these relations we get
λ˜i =
〈i+1 i〉µi−1 + 〈i i−1〉µi+1 + 〈i−1 i+1〉µi
〈i−1 i〉〈i i+1〉 ,
η˜i =
〈i+1 i〉ηi−1 + 〈i i−1〉ηi+1 + 〈i−1 i+1〉ηi
〈i−1 i〉〈i i+1〉 .
(4.91)
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p1
p2
p3
p4
p5p6
y1
y2
y3
y4
y5
y6
Figure 7: Momenta and dual coordinates in the case of amplitude with one off-shell and
n = 4 on-shell legs. In contrast to the case of off-shell amplitudes, the n on-shell momenta
do not add up to zero but to the off-shell gluon momentum k.
Now following [59] we use representation of δ2×(n+2−k)(C ′⊥ · λ) as in (4.86). Fixing part
of GL(k) redundancy as
ρ =
(
0 · · · 0 1 0
0 · · · 0 0 1
)
. (4.92)
we get
C ′k−1 i = λ
1
i , C
′
ki = λ
2
i . (4.93)
and
Ωkn+2[Γ] =
〈ξp〉
κ∗
δ4(λ · λ˜)δ8(λ · η˜)
∫
Γ
d(k−2)×(n+2)C ′
Vol[GL(k − 2)× Tk−2]×
× δ
2×(k−2)(C ′ · λ˜)δ4×(k−2)(C ′ · λ˜)
(1 · · ·k) · · · (n+ 1 · · ·k − 2)(n+ 1 1 · · · k − 1) , (4.94)
where the integral and δ - function contains only the first k− 2 rows of C ′. The action of
the shift symmetry Tk−2 on these rows is given by
C ′Ii → C ′Ii + r1Iλ1i + r2Iλ2i , I = 1, . . . , k − 2, (4.95)
with arbitrary r1I and r2I . According to [100], (4.91) leads to
n+2∑
i=1
C ′Iiλ˜i = −
n+2∑
i=1
DIiµi ,
n+2∑
i=1
C ′Iiη˜i = −
n+2∑
i=1
DIiηi , I = 1, . . . , k − 2 , (4.96)
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where the matrix D is given by
DIi =
〈i i+1〉C ′I i−1 + 〈i−1 i〉C ′I i+1 + 〈i+1 i−1〉C ′I i
〈i−1 i〉〈i i+1〉 . (4.97)
Next, we rewrite the minors of C ′ in terms of minors of D. The consecutive minors could
be rewritten as [22, 100]:
(C ′1 . . . C
′
k) = −〈1 2〉 · · · 〈k−1 k〉(D2 . . .Dk−1), (4.98)
while the only non-consecutive minor we need is given by [59]:
(C ′n+1C1 . . . C
′
k−1) = −〈n+ 1 1〉〈12〉 . . . 〈k − 2 k − 1〉(D1 . . .Dk−2)
− 〈n+ 1 n+ 2〉〈12〉 . . . 〈k − 2 k − 1〉(Dn+2D2 . . .Dk−2). (4.99)
Using (4.98) and (4.99) we have
(1 · · ·k)C′ · · · (n+2 · · ·k−1)C′ = (−1)n+2(〈1 2〉 · · · 〈n+2 1〉)k−1(1 · · ·k)D · · · (n+2 · · ·k−1)D .
(4.100)
and
(n+ 2 1 . . . k − 1)C′
(n+ 1 1 . . . k − 1)C′ =
〈n+ 2 1〉(1 . . . k − 2)D
〈n+ 1 1〉(1 . . . k − 2)D + 〈n + 1 n+ 2〉(n+ 2 2 . . . k − 2)D
(4.101)
Next. we use the Tk−2 shift symmetry to set C ′I1 = C
′
I2 = 0 [59, 100], so that
d(k−2)×(n+2)C ′
Vol[GL(k − 2)⋉ Tk−2] = 〈12〉
k−2 d
(k−2)×(n)C ′
Vol[GL(k − 2)] . (4.102)
Changing the integration variables from C ′ to D
d(k−2)×(n)C ′
Vol[GL(k − 2)] =
(〈12〉 · · · 〈n+ 2 1〉
〈12〉2
)k−2
d(k−2)×(n)D
Vol[GL(k − 2)] , (4.103)
and undoing gauge fixing of first two colums of C ′-matrix yields factors of
〈12〉δ2(DIiλi) (4.104)
for I = 1, . . . , k−2. The details of these steps could be found in [100]. The final expression
for scattering amplitude with one leg off-shell for appropriate choice of integration contour
Γk,n+2 can be represented as
A∗k,n+1
A∗2,n+1
= ωkn+2[Γk,n+2],
ωkn+2[Γ] =
∫
Γ
d(k−2)×(n+2)D
Vol[GL(k − 2)]
1
1 + 〈pξ〉〈p1〉
(n+2 2 ... k−2)
(1 ... k−2)
δ4(k−2)|4(k−2)(D · Z)
(1 . . . k − 2) . . . (n + 2 . . . k − 3) .
(4.105)
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4.3 MHVn+1, NMHV4,5 and NMHVn+1 amplitudes
Let us now perform some checks of the formula derived in previous subsections. Fist we
start with off-shell MHVn case. Using (4.81) for k = 2 and setting ξ = λ1 the off-shell
MHVn amplitude could be written as
A∗k,n+1 =
〈ξp〉
κ∗
∫
d2×(n+2)C ′
Vol[GL(2)]
δ4 (C ′ · λ˜) δ8 (C ′ · η˜) δ2n (C ′⊥ · λ)
(12)(23) · · · (n + 1 n+ 2)(n+ 1 1) , (4.106)
where
λi = λi, i = 1, . . . n, λn+1 = λp, λn+2 = λ1
λ˜i = λ˜i, i = 1, . . . n, λ˜n+1 =
〈1|k
〈1p〉 , λ˜n+2 = −
〈p|k
〈1p〉 ,
η˜i = η˜i, i = 1, . . . n, η˜n+1 = η˜p, η˜n+2 = 0.
(4.107)
Using the standard gauge fixing for C ′ - matrix
C ′ =
(
1 0 c′13 · · · c′1n+2
0 1 c′23 · · · c′2n+2
)
, C ′⊥ =

−c′13 −c′23 1 0 · · · 0
−c′14 −c′24 0 1 · · · 0
...
...
...
...
...
...
−c′1n+2 −c′2n+2 0 0 · · · 1
 (4.108)
and integrating out the last 2n δ - functions we get
C ′ =
(
1 0 − 〈23〉〈12〉 · · · − 〈2n〉〈12〉 − 〈2p〉〈12〉 1
0 1 〈13〉〈12〉 · · · 〈1n〉〈12〉 〈1p〉〈12〉 0
)
(4.109)
and
A∗k,n+1 =
1
κ∗
1
〈12〉〈23〉 · · · 〈np〉〈p1〉δ
4(
n∑
i=1
pi + k)δ
8(
n∑
i=1
λiη˜i + λpη˜p). (4.110)
In the case of NMHV4 amplitude with one leg off-shell the corresponding Grassman-
nian integral representation is given by (here we will not choose any specific value of
axillary spinor ξ)
A∗3,3+1 =
〈ξp〉
κ∗
∫
d3×5C ′
Vol[GL(3)]
(512)
(412)
δ6(C ′ · λ˜)δ8(C · η˜)δ4(C ′⊥ · λ)
(123)(234)(345)(451)(512)
, (4.111)
where λ˜i,λi and η˜i are given by (4.107) with n = 3. Again using the standard gauge fixing
for C ′ - matrix
C ′ =
1 0 0 c′14 c′150 1 0 c′24 c′25
0 0 1 c′34 c
′
35
 , C ′⊥ = (−c′14 −c′24 −c′34 1 0−c′15 −c′25 −c′35 0 1
)
(4.112)
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and integrating over the first 6 δ - functions we get
C ′ =
1 0 0 c
′
14 =
[15]
[45]
c′15 =
[14]
[45]
0 1 0 c′24 =
[25]
[45]
c′25 =
[24]
[45]
0 0 1 c′34 =
[35]
[45]
c′35 =
[34]
[45]
 , (4.113)
so that
A∗3,3+1 = δ
4(p1 + p2 + p3 + k)
3∏
i=1
δ4
(
η˜i + η˜4
[i5]
[45]
+ η˜5
[i4]
[45]
)
×
× 〈ξp〉
κ∗
(512)
(412)
× [45]2 × 1
[45]3
× [45]
5
[12][23][34][45][51]
, (4.114)
where using (4.113) we have
(512)
(412)
=
[43]
[53]
. (4.115)
In the expression above factor [45]2 comes from δ4(C ′⊥ ·λ), which will give rise to the total
momentum conservation δ - function, while 1/[45]3 is the contribution from integrating
over δ6(C ′ · λ˜). Combining all terms together we see that
A∗3,3+1 =
〈ξp〉
κ∗
[45]3
[12][23][35][51]
δ4(p1 + p2 + p3 + k)
3∏
i=1
δ4
(
η˜i + η˜4
[i5]
[45]
+ η˜5
[i4]
[45]
)
.
(4.116)
Now one can use decomposition (2.5) of off-shell momentum k in terms of a pair on-shell
momenta24 p and q = ξξ˜ together with the definition (4.78) of spinors with numbers 4
and 5 to obtain the following relations
[i5] =
[i|k|p〉
〈ξp〉 , [i4] =
[i|k|ξ〉
〈ξp〉 , [45] =
k2
〈ξp〉 ,
k2 = κ∗κ, k|p〉 = |p]κ∗. (4.117)
Using these relations A∗3,3+1 could be rewritten in the following way
A∗3,3+1 = δ
4(p1 + p2 + p3 + k)
κ3
[1p][p3][32][21]
3∏
i=1
δ4
(
η˜i +
[pi]
κ
η˜p
)
, (4.118)
24Here we choose q equal to q = ξξ˜, so that κ = 〈ξ|k|p]/〈ξp〉 and κ∗ = 〈p|k|ξ]/[pξ].
28
which is simplified further to the form
A∗3,3+1 =
δ4(p1 + p2 + p3 + k)
[12][23][3p][p1]
1
κ
δ8(q1...3 + λpηp)δ
4([p2]η˜1 − [p1]η˜2)
〈3p〉4 . (4.119)
This result is in complete agreement with the result obtained previously from BCFW
recursion. Indeed, taking for example component proportional to η˜41 η˜
4
2 η˜
4
4 we reproduce
(3.29).
Similar checks could be performed using momentum twistors. In the case of k = 2
the matrix D is zero-dimensional and all consecutive minors of D equal to one, while the
nonconsecutive minor is zero. Thus, the integral in (4.105) is zero-dimensional while the
integrand is 1, so that the result is given by prefactor A∗2,n+1.
For k = 3 we have
D = (d1 d2 · · · dn+2). (4.120)
and
A∗3,n+1
A∗2,n+1
= ω3n+2[Γ3,n+2] =
∫
Γ3,n+2
d1×(n+2)D
Vol[GL(1)]
1
1 + 〈pξ〉〈p1〉
dn+2
d1
1
d1d2 . . . dn+2
δ4|4(D · Z). (4.121)
Let us first check this formula for n = 3. Choosing ξ = λ2 (The choice ξ = λ1 leads to
divergences in denominator) we get
A∗3,3+1
A∗2,3+1
=
∫
d1×5D
Vol[GL(1)]
1
1 + 〈p2〉〈p1〉
d5
d1
1
d1d2d3d4d5
δ4|4(d1Z1 + d2Z2 + d3Z3 + d4Z4 + d5Z5).
(4.122)
The GL(1) redundancy could be used to fix d5 = 〈1 2 3 4〉, where the four-bracket is
defined as
〈i j k l〉 = εABCDZAi ZBj ZCk ZDl (4.123)
The remaining four integration variables are then completely determined by δ - functions:
d1 = 〈2 3 4 5〉, d2 = 〈3 4 5 1〉, d3 = 〈4 5 1 2〉, d4 = 〈5 1 2 3〉 (4.124)
and A∗3,3+1 is given by
A∗3,3+1 = A
∗
2,3+1
[1 2 3 4 5]
1 + 〈p2〉〈p1〉
〈1 2 3 4〉
〈2 3 4 5〉
, (4.125)
where the five-bracket is defined as
[i j k l m] =
δ4(〈i j k l〉ηm + cyclic permutation)
〈i j k l〉〈j k l m〉〈k l m i〉〈l m i j〉〈m i j k〉 . (4.126)
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To compare (4.125) with previously obtained formula (4.118) it is convenient to use the
following representation for the five-bracket
[n j − 1 j k − 1 k] = Rnjk =
〈j − 1 j〉4〈k − 1 k〉4δ4(Ξnjk)
〈n j − 1 j k − 1〉〈j − 1 j k − 1 k〉〈j k − 1 k n〉〈k − 1 k n j − 1〉〈k n j − 1 j〉 , (4.127)
where
Ξnjk = 〈n|ynkykj|j〉η˜j + 〈n|ynjyjk|k〉η˜k − 〈n|ynkykj + ynjyjk|n〉η˜n. (4.128)
and yjk = yj − yk = pj + . . . + pk−1. The four-brackets are easily calculated using the
identity
〈j − 1 j k − 1 k〉 = 〈j − 1 j〉〈k − 1 k〉y2jk. (4.129)
This way we get
[1 2 3 4 5] =
〈23〉4〈45〉4δ4(Ξ135)
〈1 2 3 4〉〈2 3 4 5〉〈3 4 5 1〉〈4 5 1 2〉〈5 1 2 3〉 , (4.130)
where
Ξ135 =
〈12〉2κ∗
〈2p〉
{
[p2]η˜1 − [p1]η˜2
}
, (4.131)
and
〈1 2 3 4〉 = 〈12〉〈3p〉〈23〉[32], 〈2 3 4 5〉 = −〈12〉〈3p〉〈23〉[13], 〈3 4 5 1〉 = −〈12〉〈3p〉k2,
〈4 5 1 2〉 = 〈12〉2κ∗[p1], 〈5 1 2 3〉 = 〈12〉2〈23〉[12].
(4.132)
Finally the expression for A∗3,3+1 is given by
A∗3,3+1 =
1
κ
δ4(p1 + p2 + p3 + k)
[12][23][3p][p1]
δ8(λ1η˜1 + λ2η˜2 + λ3η˜3 + λpη˜p)δ
4([p2]η˜1 − [p1]η˜2)
〈3p〉4 .
(4.133)
Now let us consider NMHV4+1 off-shell amplitude. In this case the Grassmannian
integral Ω is no longer localized on δ - functions and the result of integration depends on
the choice of integration contour Γ:
Ωk4+1[Γ] =
〈ξp〉
κ∗
∫
Γ
d3×6C ′
Vol[GL(3)]
(612)
(512)
δ6(C ′ · λ˜)δ8(C · η˜)δ4(C ′⊥ · λ)
(123)(234)(345)(456)(561)(612)
, (4.134)
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Using integration technique described in appendix B (see also [19]) the Grassmannian
integral may be reduced to the integral over one complex parameter τ . The minors (ii+
1i+2) in the denominator of integrand are linear functions of τ in this case and the integral
over τ can be easily evaluated by taking residues. Next, we choose integration contour
Γ135 to encircle poles of inverse minors 1/(123), 1/(345) and 1/(561). The corresponding
residues will be labeled as {1}, {3} and {5}. In fact this particular integration contour
is the same as the one in the case of NMHV6 on-shell amplitude. The ratios of minors
(612)/(512) evaluated at the mentioned residues are given by
(612)
(512)
∣∣∣
{1}
=
[45]
[64]
,
(612)
(512)
∣∣∣
{5}
=
〈16〉
〈15〉 . (4.135)
Now, let us consider a particular Grassmann component proportional to η˜43 η˜
4
4 η˜
4
5, which
corresponds to the helicities of on-shell particles (1+2+3−4−), considered in the section 3.
Using decomposition (2.5) of off-shell momentum k in terms of a pair of on-shell momenta
p and q = ξξ˜ together with the definition (4.78) of spinors with numbers 5 and 6 (which
are similar to NMHV4 case considered before) the results of evaluation of residues could
be written as (hereafter we will drop total momentum conservation δ - function)
{1} = 〈ξp〉
κ∗
[45]
[64]
× 〈3|1 + 2|6]
3
〈12〉〈23〉[45][56]p21,3〈1|2 + 3|4]
=
〈ξp〉
κ∗
〈ξ|k|4]
κ∗[p4]
× 〈3|(1 + 2)k|p〉
3〈ξp〉−3
〈12〉〈23〉 〈ξ|k|4]〈ξp〉−1 k2〈ξp〉−1 p21,3〈1|2 + 3|4]
=
1
κ
〈3|1 + 2|p]3
〈12〉〈23〉 [p4] p21,3〈1|2 + 3|4]
, (4.136)
{5} = 〈ξp〉
κ∗
〈16〉
〈15〉 ×
〈5|3 + 4|2]3
〈56〉〈61〉[23][34]p22,4〈1|2 + 3|4]
=
1
κ∗
〈p|3 + 4|2]3
〈p1〉[23][34]p22,4〈1|2 + 3|4]
, (4.137)
and {3} = 0. So that, finally we get
Ω34+2[Γ135]
∣∣∣
η˜43 η˜
4
4 η˜
4
5
= {1}+ {3}+ {5} = A∗3,4+1(1+2+3−4−5∗). (4.138)
Other helicity configurations as well as supersymmetric (with respect to on-shell particles)
result can be obtained in similar fashion.
At the end of this section let us reproduce the result for A∗3,4+1 off-shell amplitude in
a manifestly supersymmetric way (with respect to on-shell particles) using momentum
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twistor representation. Considering Grassmannian integral
ω34+2[Γ] =
∫
Γ
d1×6D
Vol[GL(1)]
1
1 + 〈pξ〉〈p1〉
d6
d1
1
d1d2d3d4d5d6
δ4|4
(
6∑
i=1
diZi
)
,
(4.139)
and using integration method suggested in [100] (see also appendix B) the result for
integration contour Γ246 encircling poles in d2, d4 and d6 reads:
ω34+2[Γ246] =
1
1 + 〈pξ〉〈p1〉
〈1345〉
〈3456〉
[13456] +
1
1 + 〈pξ〉〈p1〉
〈1235〉
〈2356〉
[12356] + [12345] =
A∗3,4+1
A∗2,4+1
. (4.140)
We verified that this expression is free from spurious poles of the form 1/〈abcd〉25. To
simplify comparison with the results of BCFW recursion lets us rewrite answer for A3,6
(3.40) in terms of momentum twistor variables:
A3,6/A2,6 = [12345] + [13456] + [12356]. (4.141)
In fact it is not difficult to consider a generalization of this result for an arbitrary
number of on-shell legs n. Choosing integration contour Γ3,n+2 similar to the case of [12〉
BCFW shift representation of NMHVn+2 the amplitude (with an additional condition to
avoid pole 〈pξ〉dn+2 = −〈p1〉d1) and following along the same lines as before (see also
discussion in appendix B) the Grassmannian integral:
ω3n+2[Γ] =
∫
Γ
d1×(n+2)D
Vol[GL(1)]
1
1 + 〈pξ〉〈p1〉
dn+2
d1
1
d1d2 . . . dn+2
δ4|4(D · Z), (4.142)
is evaluated to
ω3n+2[Γ3,n+2] =
n+2∑
i<j
cj[1 i− 1 i j − 1 j]. (4.143)
with
cn+2 =
1
1 + 〈pξ〉〈p1〉
〈1 i−1 i n+1〉
〈i−1 i n+1 n+2〉
, and cj = 1 if j < n+ 2. (4.144)
It is natural to conjecture that
ω3n+2[Γ3,n+2] =
A∗3,n+1
A∗2,n+1
. (4.145)
25We are going to discuss this in more detail in a separate publication
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4.4 Regularization of soft limit and soft theorems for deformed
Grassmannian integral.
As was noted in [58, 61], in a similar case of Grassmannian description of form factors
of operators from stress tensor operator supermultiplet the deformation of Grassmannian
integral (the combination of non-consecutive minors in addition to the string of consecutive
minors in the denominator of integrands in (4.81) and (4.105)) can be considered as
IR regulator of some sort. Namely, it regulates soft limit behavior with respect to the
momentum carried by operator q → 0.
Here we want to argue that similar behavior holds also in the case of deformations of
the Grassmannian integrals considered here. Let us show, that the Grassmannian integral
(4.81), which we rewrite as
Ωkn+2[Γ] =
∫
Γ
dk×(n+2)C ′
Vol[GL(k)]
Reg.
δk×2 (C ′ · λ˜) δk×4 (C ′ · η˜) δ(n+2−k)×2 (C ′⊥ · λ)
(1 · · ·k) · · · (n+ 1 · · ·k − 2)(n+ 2 1 · · ·k − 1) , (4.146)
with
Reg. =
〈ξp〉
κ∗
(n+ 2 1 · · ·k − 1)
(n+ 1 1 · · ·k − 1) , (4.147)
is regular with respect to the holomorphic soft limit of the axillary four-vector q. Here
we are using spinorial decomposition of q and λn+2 from (4.81): q ≡ ξξ˜, λn+2 ≡ ξ. So, we
are expecting to obtain finite limit ǫ→ 0 for the following expression
Ωkn+2[Γ]
∣∣∣
ξ 7→ǫξ
. (4.148)
The behavior of Ωkn+2[Γ] with respect to holomorphic soft limit of λi, i ≤ n is controlled
by standard soft theorems and could be obtained for our Grassmannian integrals using
the method presented in [101] (here to simplify notation we used λ˜ ≡ λ˜):
Ωkn+2[Γk,n+2]
∣∣∣
λi 7→ǫλi
=
(
Sˆ1
ǫ2
+
Sˆ2
ǫ
)
Ωkn+2[Γk,n+1] + fin.+O(ǫ), ǫ→ 0, (4.149)
with
Sˆ1 =
〈i− 1i+ 1〉
〈ii+ 1〉〈ii− 1〉 ,
Sˆ2 =
λ˜α˙i
〈ii− 1〉
∂
∂λ˜α˙i−1
+
λ˜α˙i
〈ii+ 1〉
∂
∂λ˜α˙i+1
+
ηA,i
〈ii− 1〉
∂
∂ηA,i−1
+
ηA,i
〈ii+ 1〉
∂
∂ηA,i+1
.
(4.150)
Now lets consider behavior of Ωkn+2[Γ] with respect to soft limit of ξ. We will consider
k = 3 as an example. It is convenient to fix GL(3) gauge and parametrize C ′ - matrix as
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in [101] (the columns are numerated as (1, 2, . . . , n, n+ 1, n+ 2)):
C ′ =
 0 cn2 . . . 1 0 cnn+20 cn+12 . . . 0 1 cn+1n+2
1 c12 . . . 0 0 c1n+2
 . (4.151)
In such parametrization the minors in Reg. are given by
(n+ 212) = cn2cn+1n+2 − cn+12cnn+2, (n + 112) = cn2. (4.152)
Then Ω3n+2 could be rewritten as (here as in [101] we suppress explicit dependence on
Grassmann variables)
Ω3n+2[Γ3,n+2]
∣∣∣
ξ 7→ǫξ
=
∫
d3cIn+2δ
2(ǫ ξ − λIcIn+2) ǫReg.(nn+ 11)
′(n+ 112)′
(nn+ 1n+ 2)(n+ 1n+ 21)(n+ 212)
× Ωˆ3n+1[Γ3,n+1]
∣∣∣
ξ 7→ǫξ
, (4.153)
where (index I runs over 1, n, n+ 1)∫
d3cIn+2 =
∫
dc1n+2dcn+1n+2dcnn+2, (4.154)
and minors with primes like (nn + 11)′ are evaluated in Gr(3, n + 1) Grassmannian in
contrast to other minors evaluated in Gr(3, n+2) Grassmannian, Γ3,n+2 contour contains
the same poles as Γ3,n+1 together with additional pole (n+1 n+2 1). Here, we have also
used the fact that 〈ξp〉/κ∗
∣∣∣
ξ 7→ǫξ
= ǫ〈ξp〉/κ∗. The hat in Ωˆ3n+1 denotes the absence of Reg.
factor and that λ˜1 and λ˜n+1 spinors are shifted as
λ˜1 7→ λ˜1 + c1n+2λ˜n+2,
λ˜n+1 7→ λ˜n+1 + cn+1n+2λ˜n+2. (4.155)
The integral
∫
d3cIn can be evaluated by taking residue at pole 1/(n + 1n + 21), which
fixes the values of cnn+2 and cn+1n+2, c1n+2 coefficients to be (we use spinor definitions
from (4.78))
cnn+2 = 0, cn+1n+2 =
〈1ξ〉ǫ
〈1p〉 , c1n+2 =
〈pξ〉ǫ
〈1p〉 . (4.156)
Then the result of integration could be written as∫
d3cIn+2δ
2(ǫ ξ − λIcIn+2) ǫReg.(nn+ 11)
′(n+ 112)′
(nn+ 1n + 2)(n+ 1n+ 21)(n+ 212)
=
〈1p〉
ǫ2〈1ξ〉〈ξp〉 ǫReg.,
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with Reg. function being evaluated at (n+ 1n+ 21) residue, which is given by
ǫReg.
∣∣∣
(n+1n+21)
= ǫ2
〈ξp〉
κ∗
〈1ξ〉
〈1p〉 . (4.157)
So, taking ǫ→ 0 limit and accounting for (4.155) and (4.156) we get
Ω3n+2[Γ3,n+2]
∣∣∣
ξ 7→ǫξ
=
1
κ∗
Ωˆ3n+1[Γ3,n+1]
∣∣∣
ǫ=0
+O(ǫ). (4.158)
Thus, we see that presented here deformation of Grassmannian integral could be also
considered as a regularization of soft limit behavior. The case of general k is more involved,
but we should get similar result, that is
Ωkn+2[Γk,n+2]
∣∣∣
ξ 7→ǫξ
= fin.+O(ǫ). (4.159)
The soft limit considered could also serve as a prescription of how to obtain corresponding
on-shell amplitudes from our off-shell expressions. Indeed, Ωˆ3n+1[Γ3,n+1]
∣∣∣
ǫ=0
in the above
expressions is nothing else but the Grassmannian representation of NMHVn+1 amplitude
with n + 1 on-shell particles, where momentum of i’th particle pn+1 is given by
pn+1 = λp
k|ξ〉
〈ξp〉 . (4.160)
This observation is in agreement with the on-shell limit prescription of [62]. In addition
we would like to note, that double soft limit with respect to λn+2 and λn+1 will be singular
and controlled by soft theorems.
5 Amplitudes with one leg off-shell and integrability
Yangian symmetry, which combines invariance under superconformal and dual supercon-
formal transformations [7], for on-shell tree-level amplitudes was proven in [9]. It was
further claimed [25, 26], that the Grassmannian integral representation for amplitudes
(4.45) is the most general form of rational Yangian invariant making all symmetries of
the theory manifest. The existence of Yangian symmetry allows us to reformulate the
problem of finding expressions for the scattering amplitudes in the language of integrable
systems, in particular in the language of Quantum Inverse Scattering Method (QISM).
The study of tree-level scattering amplitudes within the context of QISM was started
in [12, 13], where the notion of spectral parameter was introduced. The latter was in-
terpreted as a deformed particle helicity. Later the authors of [14, 15] proposed to study
certain auxiliary spin chain monodromies build from local Lax operators. The introduced
monodromies depended on an auxiliary spectral parameter, while the spectral parameters
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of [12, 13] played the role of inhomogeneities of Lax operators. Yangian invariants and
thus on-shell amplitudes are then found as the eigenstates of these monodromies. Fur-
ther, in [16, 17] a systematic classification of Yangian invariants obtained within QISM
was provided. Yangian invariance can be defined in a very compact form as a system of
eigenvalue equations for the elements of a suitable monodromy matrix M(u) [14–16]:
Mab(u)|Ψ〉 = Cab|Ψ〉, (5.161)
where u is the auxiliary spectral parameter mentioned above, Cab are monodromy eigen-
values and monodromy eigenvectors |Ψ〉 are elements of the Hilbert space V = V1⊗. . .⊗Vn
with Vi being a representation space of a particular gl(N |M) representation. To describe
tree-level scattering amplitudes one will need to specialize to the case of N |M = 4|4 and
its non-compact representations build using a single family of Jordan-Schwinger harmonic
superoscillators wA,wB, A,B = 1 . . . 8. The latter could be conveniently realized in terms
of Heisenberg pairs
JAB = wAwB = xApB, xA =
(
λα,− ∂
∂λ˜α˙
,
∂
∂η˜A
)
, pA =
(
∂
∂λα
, λ˜α˙, η˜A
)
, (5.162)
such that [xA, pB} = (−1)|A|δAB. Here [·, ·} denotes graded commutator and | · | - grading.
A vacuum state for the Hilbert space V used to construct Yangian invariants |Ψ〉n,k
corresponding to the on-shell Nk−2MHV n-point tree-level amplitudes An,k is given by
|0〉k,n = δ+1 · · · δ+n−kδ−n−k+1 · · · δ−n , (5.163)
where δ+i ≡ δ2(λi) is the vacuum for positive helicity state at position i and δ−i ≡
δ2(λ˜i)δ
4(η˜i) is the corresponding vacuum for negative helicity state at the same position.
The monodromy matrix of the auxiliary spin chain reads
M(u, {vi}) = L1(u, v1) . . .Lk(u, vk)Lk+1(u, vk+1) . . .Ln(u, vn), (5.164)
where u is again the auxiliary spectral parameter, vi are spin chain inhomogeneities and
Lax operators Li(u, v) are given by
L(u, v) = u− v +
∑
a,b
eabJba , (5.165)
where matrix eab acting in the auxiliary space is given by (eab)cd = δacδbd. It is easy to
see, that the action of Lax operators on particles vacuums is given by
Li(u) δ+i = (u− 1) I δ+i , Li(u) δ−i = u I δ−i . (5.166)
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The solution of the eigenvalue equation26 for monodromy matrix (5.161) leads to the
expressions for Yangian invariants labeled by the permutations σ with minimal27 decom-
position σ = (i1, j1) . . . (iP , jP ) [14, 16, 17]:
|Ψ〉 = Ri1,j1(u¯1) . . .RiP jP (u¯P )|0〉k,n (5.167)
with [14] (see also [15])
Rij(u) = Γ(−u)(xj · pi)u =
∫ ∞
0
dα
α1+u
e−α(xj ·pi), (5.168)
where Γ is the Euler gamma function and
u¯p = vτp(ip) − vτp(jp), τp = τp−1 ◦ (ip, jp) = (i1, j1) · · · (ip, jp). (5.169)
As we already mentioned, amplitudes with one leg off-shell can be considered as form
factors of Wilson line operator (2.9) corresponding to the off-shell leg. It turns out, that
QISM machinery could be also used in the case of form factors [59], see also [58]. The
only new ingredient needed is the spin chain vacuum state corresponding to the minimal
form factor. The latter in the case of form factors of stress-tensor operator supermultiplet
is given by [59]:
F2,2(1, 2) = δ2(λ˜1)δ4(η˜1)δ2(λ˜2)δ4(η˜2), (5.170)
where28
λ˜1 = λ˜1 −
〈2|q
〈2|1〉 η
−
1
= η−1 −
〈2|γ−
〈2|1〉 η
+
1
= η+1
λ˜2 = λ˜2 −
〈1|q
〈1|2〉 η
−
2
= η−2 −
〈1|γ−
〈1|2〉 η
+
2
= η+2
(5.171)
The vacuum state for the deformed minimal amplitude (vertex) with one leg off-shell
could be easily obtained by performing integrations in (4.61). This way we get:
A∗2,2+1(1
∗, 2, 3) =
1
κ∗
〈23〉
〈p2〉〈p3〉
(〈p3〉
〈p2〉
)u32 (〈23〉
〈p3〉
)u31
δ2(λ˜2)δ
2(λ˜3)δ
4(η˜2)δ
4(η˜3),
(5.172)
26It should be noted that this eigenvalue equation is different from the usual Bethe ansatz equations,
which diagonalize only the trace of monodromy matrix.
27The decomposition is minimal in a sense, that there exists no other decomposition of σ into a smaller
number of transpositions.
28See appendix A of [58] for the notation used in harmonic superspace description of form factors of
operators from stress-tensor operator supermultiplet.
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where (k is the off-shell gluon momentum and p is its direction as before)
λ˜2 = λ˜2 +
〈3|k
〈32〉 , λ˜3 = λ˜3 +
〈2|k
〈23〉 η˜2 = η˜2 +
〈p3〉
〈23〉 η˜p, η˜3 = η˜3 +
〈p2〉
〈32〉 η˜p.
(5.173)
Here we will however restrict ourselves to the case of undeformed minimal off-shell am-
plitude given by
A∗2,2+1(2, 3) = A
∗
2,2+1(1
∗, 2, 3) =
1
κ∗
〈23〉
〈p2〉〈p3〉δ
2(λ˜2)δ
2(λ˜3)δ
4(η˜2)δ
4(η˜3). (5.174)
Next, similar to the case of form factors of operators from stress-tensor operator super-
multiplet [59] let us consider off-shell amplitudes defined as29
Aˆ = Ri1j1(u¯1) · · ·RiP jP A∗,δ2,2+1(m− 1, m) (5.175)
with
A∗,δ2,2+1(m− 1, m) = δ+1 · · · δ+m−2 A∗2,2+1(m− 1, m) δ−m+1 · · · δ−n . (5.176)
As was shown in [14, 16, 17, 59], the monodromy matrix (5.164) (as a consequence of
Yang-Baxter equation) satisfies the following relation
M(u, {vi}) Ri1j1(u¯1) · · ·RiP jP (u¯P ) = Ri1j1(u¯1) · · ·RiP jP (u¯P ) M(u, {vσ(i)}), (5.177)
where M(u, {vσ(i)}) is the monodromy matrix with inhomogeneities vi replaced with vσ(i).
Now, commuting monodromy matrix through R-chain in (5.175) we get
Mn(u, {vi}) Aˆ = Ri1j1(u¯1) · · ·RiP jP (u¯P )Mn(u, {vσ(i)}) A∗,δ2,2+1(m− 1, m). (5.178)
Taking into account, that Lax operators act diagonally on vacua (5.166) we can write:
Mn(u, {vσ(i)}) A∗,δ2,2+1(m− 1, m) =
m−2∏
i=1
(u− vσ(i) − 1)
n∏
j=m+1
(u− vσ(j))
× δ+1 · · · δ+m−2
[
M2(u, {vσ(i)})A∗2,2+1(m− 1, m)
]
δ−m+1 · · · δ−n , (5.179)
where length 2 monodromy matrix is given by
M2(u, {vσ(i)}) = Lm−1(u− vσ(m−1))Lm(u− vσ(m)). (5.180)
29Actually it is just one of BCFW contributions and the expression for amplitude is obtained as linear
combination of such terms.
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The minimal off-shell vertex A∗2,2+1(m − 1, m) is not an eigenstate of monodromy ma-
trix M2(u, {vσ(i)}) and Yangian invariance for off-shell amplitudes is broken similar to
the case of form factors with q2 6= 0 [59]. This conclusion easily follows from the fact,
that the momentum-like generators do not contain off-shell momentum and the action of
monodromy matrix on minimal off-shell vertex produces [59]
(λm−1λ˜m−1 + λmλ˜m)δ4(λm−1λ˜m−1 + λmλ˜m + k), (5.181)
which does not vanish. On the other hand, again similar to the case of form factors with
q2 6= 0 the amplitudes with one leg off-shell turn out to be eigenvectors of transfer matrix.
The later is defined as the super trace of monodromy matrix over auxiliary space:
Tn(u, {vi}) = strMn(u, {vi}). (5.182)
One can use Yang-Baxter equation to show, that this transfer matrix is gl(4|4) invariant,
that is
[Tn(u, {vi}),
n∑
i=1
xAi p
B
i ] = 0. (5.183)
To show, that amplitudes with one leg off-shell are annihilated by transfer matrix, let
us consider first the minimal off-shell vertex and length 2 transfer matrix with equal
inhomogeneities
T2(u− v) = strLm(u− v)Lm−1(u− v). (5.184)
Next, we can exploit gl(4|4) invariance of transfer matrix and consider the particular
component of the minimal off-shell amplitude A∗2,2+1(m− 1, m), for example:
1
κ∗
〈p m− 1〉〈p m〉
〈m− 1 m〉 η˜
2
m−1η˜
2
mη˜
4
p δ
4(λm−1λ˜m−1 + λmλ˜m + k), (5.185)
that is scalar - scalar - off-shell gluon vertex. Here, superscripts next to Grassmann
variables are the numbers of copies of corresponding Grassmann variables and not SU(4)R
indexes. Similar to [59] we have
T2(u− v) δ4(λm−1λ˜m−1 + λmλ˜m + k) = 0, (5.186)
T2(u−v) η˜2m−1η˜2mη˜4p =
(
(u−v−1)xAm−1pAm−1+(−1)ApAm−1xBm−1pBmxAm
)
η˜2m−1η˜
2
mη˜
4
p = 0
(5.187)
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and we have also checked, that
T2(u− v) 〈p m− 1〉〈p m〉〈m− 1 m〉 = 0 (5.188)
This shows, that the minimal off-shell amplitude A∗2,2+1(m− 1, m) is an eigenstate of the
transfer matrix, that is
T2(u− v)A∗2,2+1(m− 1, m) = 0. (5.189)
Moreover, as the transfer matrix satisfies a relation similar to (5.179) the same statement
also applies to any planar on-shell diagram with a minimal off-shell vertex insertion:
Tn(u, {vi})Aˆ = 0. (5.190)
with vi = v. This property is in fact a consequence of multiplicative renormalizabil-
ity of minimal off-shell vertex, similar to multiplicative renormalizability of stress-tensor
operator supermultiplet in [59].
At the end of this section let us show on a simple example of A∗2,3+1 off-shell amplitude
how one can use QISM technique to get explicit expressions for spectral deformations of
off-shell amplitudes and Yangian invariants they are build from. First we perform the
minimal decomposition of corresponding permutation σ = (3, 1, 2) = (2, 3)(1, 2). Then
A∗2,3+1(u¯1, u¯2) is given by
A∗2,3+1(u¯1, u¯2) = R23(u¯1)R12(u¯2)δ2(λ1)
1
κ∗
〈23〉
〈p2〉〈p3〉δ
2(λ˜2)δ
2(λ˜3)δ
4(η˜2)δ
4(η˜3), (5.191)
where λi, η˜i are defined in (5.173) and u¯1 = v32 = v3 − v2, u¯2 = v31 = v3 − v1. Using
definition of R operators (5.168) we get:
A∗2,3+1(v1, v2, v3) =
1
κ∗
∫
dα2
α2
∫
dα1
α1
〈23〉
〈p2〉〈p3〉
(
1− α2 〈p3〉〈p2〉
)×
× δ2(λ1 − α1λ2 + α1α2λ3)δ2(λ˜2 + α1λ˜1)δ4(η˜2 + α1η˜1)δ2(λ˜3 + α2λ˜2)δ4(η˜3 + α2η˜2)
=
1
κ∗
1
〈p1〉〈12〉〈23〉〈3p〉
(〈23〉
〈13〉
)v31 (〈13〉
〈12〉
)v32
δ4(
3∑
i=1
λiλ˜i + k)δ
8(
3∑
i=1
λiη˜i + λpη˜p).
(5.192)
The off-shell amplitude A∗2,3+1 is then recovered by setting to zero deformation parameters
vi = 0.
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6 Conclusion
In this article we considered Grassmannian integral representation for tree level gauge
invariant N = 4 SYM off-shell amplitudes with one leg off-shell (Wilson line form fac-
tors). We presented a conjecture for Grassmannian integral representation for ampli-
tudes with all on-shell particles treated in a manifestly supersymmetric manner and the
only off-shell gluon (Wilson line insertion) treated in non-supersymmetric way. We have
considered spinor helicity, twistor and momentum twistor versions of Grassmannian in-
tegral representation and successfully checked them by reproducing BCFW results for
MHVn+1, NMHV3+1 and NMHV4+1 gauge invariant off-shell amplitudes. In addition
from our Grassmannian integral representation we reproduced appropriate soft (on-shell)
limit. Using Grassmannian integral representation we have also derived a conjecture for
NMHVn+1 gauge invariant off-shell amplitudes. We have investigated integrability prop-
erties of gauge invariant off-shell amplitudes and showed that similar to the case of form
factors of local gauge invariant operators gauge invariant off-shell amplitudes are no longer
eigenvectors of monodromy matrix of the auxiliary gl(4|4) spin chain. The latter, however,
turn out to be eigenvectors of corresponding transfer matrix.
There are several possible generalizations of the construction and ideas presented in
this article. First, it would be interesting to investigate loop corrections to the gauge
invariant off-shell amplitudes. Off-shellness of the gluon should play the role of natural
IR regularization30. This will help to clarify the relation between Grassmannian integrals
considered here and leading singularities of off-shell loop amplitudes. The rigorous super-
symmetric consideration of the off-shell gluon (Wilson line) is another direction to follow.
Finally, it would be extremely interesting to consider generalization of the Grassmannian
integral representation and spin chain construction considered here to the case of gauge
invariant off-shell amplitudes with an arbitrary number of off-shell gluons (Wilson line
insertions).
At the end we want to mention an important conceptual question, which arises in this
and similar studies [35, 36, 41, 59]. We have seen, that structures such as Grassmannian
integrals and spin chains considered here, which (at least naively) could be considered as
a purely on-shell objects, also appear for partially off-shell objects, such as form factors
and off-shell amplitudes. Next, the natural question is how far on-shell techniques could
be extended in the case of off-shell kinematics.
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A N = 4 SYM and spinor helicity formalism
N = 4 supersymmetric gauge theory is a maximally supersymmetric gauge theory in
four spacetime dimensions. The field content of N = 4 SYM consists from six scalars
φAB (antisymmetric in the SU(4)R indices A,B = 1 . . . 4), four Weyl fermion fields ψ
A
α
and gauge field strength tensor F µν , all transforming in the adjoint representation of the
SU(Nc) gauge group. The lagrangian of N = 4 SYM is given by [102, 103]:
LN=4 SYM = tr
{
− 1
4
FµνF
µν +
1
4
(Dµφ
AB)(Dµφ¯AB) +
1
32
g2[φAB, φCD][φ¯AB, φ¯CD]
+iψ¯α˙Aσ
α˙β
µ D
µψAβ −
1
2
gψαA[φ¯AB, ψ
B
α ] +
1
2
gψ¯α˙A[φ
AB, ψ¯α˙B]
}
, (A.193)
where the field strength is Fµν = ∂µAν − ∂νAµ − ig√2 [Aµ, Aν ] and the covariant derivative
is Dµ = ∂µ− ig√2 [Aµ, ·]. All fields are matrix valued in SU(Nc) gauge group, i.e. Φ ≡ Φata
with generators normalized as tr tatb = δab. ψ¯α˙A = (ψ
A
α )
∗ and
φ¯AB = (φ
AB)∗ =
1
2
ǫABCDφ
CD, ǫABCD = ǫ
ABCD (A.194)
The lagrangian of N = 4 is invariant under the following supersymmetry transformations
δAµ = −iξαAσ¯µ
αβ˙
ψ¯β˙A − iξ¯α˙Aσµ α˙βψAβ ,
δφAB = −i
√
2
{
ξαAψBα − ξαBψAα − ǫABCDξ¯α˙Cψ¯α˙D
}
,
δψAα =
i
2
Fµνσ
µν β
α ξ
A
β −
√
2(Dµφ
AB)σ¯µ
αβ˙
ξ¯β˙B +
ig√
2
[φAB, φ¯BC ]ξ
C
α ,
δψ¯α˙A =
i
2
Fµν σ¯
µνα˙
β˙
ξ¯β˙A +
√
2(Dµφ¯AB)σ
µα˙βξBβ +
ig√
2
[φ¯AB, φ
BC ]ξ¯α˙C , (A.195)
where
σµ α˙β = ǫβγ σ¯µ
γδ˙
ǫδ˙α˙, σ¯µ
αβ˙
= ǫβ˙γ˙σ
µ γ˙δǫδα, (A.196)
and
σµν βα ≡
i
2
[
σ¯µ αγ˙σ
ν γ˙β − σ¯ναγ˙σµ γ˙β
]
, σ¯µν α˙γ˙ ≡
i
2
[
σµ α˙γσ¯ν
γβ˙
− σν α˙γσ¯µ
γβ˙
]
(A.197)
To rewrite scattering amplitudes in color ordered form one uses a representation of color
factors for adjoint SU(Nc) states f
abc in terms of color factors ta associated with smaller
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fundamental SU(Nc) representation (2.2). The idea behind the spinor helicity formalism
is similar, that is one consider trading Lorentz vector pµi for kinematical quantities, that
transform under a smaller representation of Lorentz group. The latter are given by two-
dimensional (Weyl) spinors. So, the four momentum pµi is exchanged with a pair of
spinors:
pµi → u+(pi) =
1
2
(1 + γ5)u(pi) ≡ |i〉 ≡ λi,α, u−(pi) = 1
2
(1− γ5)u(pi) ≡ |i] ≡ λ˜α˙i
(A.198)
These spinors satisfy the massless Dirac equation
pˆiu±(pi) = pˆi|i〉 = pˆi|i] = 0. (A.199)
There are also negative-energy solutions v±, but for p2i = 0 they are not distinct from
u∓(pi). The undotted and dotted spinor indices correspond to two different spinor rep-
resentations of Lorentz group L↑+ = SO(3, 1) = SO(4, C)↓R ≈ (SL(2, C) ⊗ SL(2, C))↓R,
which are labeled by a pair (j1, j2) of eigenvalues ji(ji+1) of the SL(2) Casimir operators
J2i : λα ∼ (12 , 0) and λ˜α˙ ∼ (0, 12). The raising and lowering of Weyl spinor indices is done
with help of antisymmetric tensors εαβ and εα˙β˙:
λα = εαβλβ , λ˜α˙ = εα˙β˙λ˜
β˙ , λα = λ
βεβα, λ˜
α˙ = λ˜β˙ε
β˙α˙, (A.200)
where εαβ = −εα˙β˙ and ε12 = ε12 = −ε1˙2˙ = −ε1˙2˙ = 1. Within spinor helicity formalism
one defines the spinor products as:
〈ij〉 ≡ εαβλi,αλj,β = u¯−(pi)u+(pj),
[ij] ≡ εα˙β˙λ˜i,α˙λ˜j,β˙ = u¯+(pi)u−(pj).
(A.201)
Rewriting the massless positive energy projector
u+(pi)u¯+(pi) = |i〉[i| = 1
2
(1 + γ5)pˆi
1
2
(1− γ5) (A.202)
in two-component notation we get
λi,αλ˜i,α˙ = pi,µσ
µ
αα˙ = pˆi,αα˙ =
(
pti + p
z
i p
x
i − ipyi
pxi + ip
y
i p
t
i − pzi
)
(A.203)
It should be noted, that the determinant of this 2× 2 matrix vanishes, det(pˆi) = p2i = 0,
which is consistent with its factorization into a column vector λi,α times a row vector λ˜i,α˙.
Contracting (A.203) with σν α˙α it is possible to reconstruct the four-momenta pµi from
the spinors:
2pµi = [i|γµ|i〉 ≡ λ˜i,α˙σµ α˙αλi,α. (A.204)
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There are also the following useful in calculations properties of the spinor products:
anti-symmetry: 〈ij〉 = −〈ji〉, [ij] = −[ji], 〈ii〉 = [ii] = 0,
squaring: 〈ij〉[ji] = sij ,
momentum conservation:
n∑
j=1
〈ij〉[jk] = 0,
Schouten identity: 〈ij〉〈kl〉 − 〈ik〉〈jl〉 = 〈il〉〈kj〉.
(A.205)
where sij = (pi + pj)
2. One could also use spinor helicity formalism to write down the
physical polarization vectors for massless vector particles with definite helicity in terms
of a pair of massless spinors:
ε+i,µ = ε
+
µ (pi, ri) =
〈ri|γµ|i]√
2〈rii〉
, ε−i,µ = ε
−
µ (pi, ri) = −
[ri|γµ|i〉√
2[rii]
, (A.206)
εˆ+αα˙ = εˆ
+
αα˙(pi, ri) =
√
2
λri,αλ˜i,α˙
〈rii〉 , εˆ
−
i,αα˙ = εˆ
−
αα˙(pi, ri) = −
√
2
λ˜ri,α˙λi,α
[rii]
, (A.207)
where we have also written 2× 2 matrix version by contracting polarization vectors with
σ matrix and using Fierz identity for Pauli matrices σµαα˙σ
β˙β
µ = 2δ
β
αδ
β˙
α˙. Here p
µ
i is particle
momentum and rµi is the null reference momentum accounting for gauge dependence of
polarization vectors (local gauge invariance allows an independent choice of reference
momenta for different particles). λri and λ˜ri are two-component left and right-handed
spinors associated to reference momentum. It is easy to see, that polarization vectors
(A.206) obey the required transversality conditions with respect to particle momentum:
ε±i · pi = 0. (A.208)
They are also transverse with respect to reference momentum ri: ε
±
i · ri = 0. Besides the
physical polarization vectors defined above, there are two other unphysical polarizations
vectors:
εLi,µ = p
µ
i , ε
T
i,µ =
〈ri|γµ|ri]
2pi · ri =
rµi
pi · ri . (A.209)
It is easy to check, that polarization vectors satisfy the following orthogonality
0 = ε+ · ε+ = ε+ · εL = ε+ · εT = ε− · ε− = ε− · εL = ε− · εT = εT · εT = εL · εL
and normalization
1 = ε+ · ε− = εL · εT .
conditions.
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B Grassmannian integral evaluation
For the evaluation of Grassmannian integrals we used the strategy of [19]. First, consider
bosonic δ - unctions in Grassmannian integral
δk×2
(
C · λ˜
)
δ(n+2−k)×2
(
C⊥ · λ) . (B.210)
Fixing GL(k) gauge so that first k columns of Cal form unity matrix we get
δk×2
(
C · λ˜
)
δ(n+2−k)×2
(
C⊥ · λ) = k∏
a=1
δ2
(
λ˜a +
n∑
i=k+1
caiλ˜i
)
n∏
i=k+1
δ2
(
λi +
k∑
a=1
caiλa
)
.
(B.211)
Next, δ - function constraints lead to the following underdetermined system of linear
equations
caiλa = −λi,
caiλ˜i = −λ˜a, (B.212)
where a = 1 . . . k, i = k + 1 . . . n. For other GL(k) gauges the structure of the above
equations will be identical, the only difference are the values taken by indexes a and i. The
general solution of this system of equations could be parametrized by (k − 2)(n− k − 2)
complex parameters τA:
cai(τ) = c
∗
ai + daiAτA, (B.213)
where daiA are some rational functions of λ, λ˜’s and c
∗
ai is some particular solution of
(B.212). Using these solutions the bosonic δ - functions could be rewritten as
k∏
a=1
δ2
(
λ˜a +
n∑
i=k+1
caiλ˜i
)
n∏
i=k+1
δ2
(
λi +
k∑
a=1
caiλa
)
=
= δ4
(
n∑
j=1
λjλ˜j
)
J(λ, λ˜)
∫
d(k−2)(n−k−2)τA
k∏
a=1
n∏
i=k+1
δ (cai − cai(τ)) , (B.214)
where J(λ, λ˜) is Jacobian of transformation. Note that the number of δ - functions in
LHS and RHS of the above equation is the same. In LHS we have 2n, while in RHS -
k(n−k)+4−(k−2)(n−k−2) of them. Now, the integration ∫ dn×kCal
V ol[GL(k)]
could be removed
using δ - functions and the only integrations remained will be with respect to τA variables
(A = 1, (k − 2)(n − k − 2)). Expressing minors of Cal - matrix and the Grassmann δ -
functions in terms of τA using (B.213) the integrand of the original Grassmannian integral
becomes a rational function of τA variables and the corresponding integral over τA could
be evaluated using (multidimensional) residue theorem.
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In the case of Gr(3, 6) Grassmannian integral considered in the paper it is convenient
to choose GL(3) gauge as
C =
 1 c12 0 c14 0 c160 c32 1 c34 0 c36
0 c52 0 c54 1 c56
 . (B.215)
Then (B.214) reduces to∏
i′=1,3,5
δ2
(
λ˜i′ +
∑
j=2,4,6
ci′jλ˜j
) ∏
j=2,4,6
δ2
(
λj +
∑
i′=1,3,5
ci′jλi′
)
=
= δ4
(
6∑
i=1
λiλ˜i
)∫
dτ
∏
i′=1,3,5
∏
j=2,4,6
δ (ci′j − ci′j(τ)) , (B.216)
with
ci′j(τ) = c
∗
ij′ + ǫi′k′p′ǫjlm〈k′p′〉[lm] τ. (B.217)
The minors M1 = (123), . . . ,M6 = (612) of Cal matrix are linear functions of τ and
the corresponding integral over τ could be evaluated using residues (we assume that we
are considering particular component of δk×2 (C · η˜) expansion in Grassmann variables
such that the overall behavior of the integrand is no worse than 1/τ 2 at infinity. At the
end we may supersymmetrize the result if necessary). We were interested in residues at
poles 1/M1, 1/M3 and 1/M5. In the gauge chosen the corresponding minors are given by
M1 = c52(τ), M3 = c14(τ) and M5 = c36(τ). To simplify the evaluation of residues even
further one can notice that for each of the residues the particular solution c∗i′j could be
chosen independently, so that c∗52 = 0 for M1, c
∗
14 = 0 for M3, and c
∗
36 = 0 for M5. Then
the residue theorem fixes τ = 0 at each residue and all other ci′j(τ = 0) matrix elements
are easily evaluated. This way the coefficients of Cal matrix for residues {1}, {3}, {5} at
poles 1/M1,3,5 are given by
C
∣∣
{1} =

1 c12 =
〈23〉
〈13〉 0 c14 =
〈3|1 + 2|6]
〈13〉[46] 0 c16 =
〈3|1 + 2|4]
〈13〉[46]
0 c32 =
〈12〉
〈13〉 1 c34 =
〈1|2 + 3|6]
〈13〉[46] 0 c36 =
〈1|2 + 3|4]
〈13〉[46]
0 c52 = 0 0 c54 =
[56]
[46]
1 c56 =
[54]
[46]
 , (B.218)
C
∣∣
{3} =

1 c12 =
[16]
[16]
0 c14 = 0 0 c16 =
[12]
[62]
0 c32 =
〈5|3 + 4|6]
〈35〉[26] 1 c34 =
〈45〉
〈35〉 0 c36 =
〈5|3 + 4|2]
〈35〉[26]
0 c52 =
〈3|4 + 5|6]
〈53〉[26] 0 c54 =
〈43〉
〈53〉 1 c56 =
〈3|4 + 5|2]
〈53〉[62]
 , (B.219)
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C
∣∣
{5} =

1 c12 =
〈5|1 + 6|4]
〈15〉[24] 0 c14 =
〈5|1 + 6|2]
〈15〉[24] 0 c16 =
〈56〉
〈15〉
0 c32 =
[34]
[24]
1 c34 =
[32]
[42]
0 c36 = 0
0 c52 =
〈1|5 + 6|4]
〈15〉[24] 0 c54 =
〈1|5 + 6|2]
〈15〉[24] 1 c56 =
〈61〉
〈51〉
 . (B.220)
The general case of Gr(k, n) Grassmannian is more involved since one have to con-
sider integral over multiple complex parameters and multidimensional generalization of
residue theorems. In the NMHVn case, which we were discussing in the main body of the
paper, the situation is simplified for n > 6 if we are considering Grassmannian integral in
momentum twistor representation (here we follow [100]):
ω3n+2[Γ] =
∫
Γ
d1×(n+2)D
Vol[GL(1)]
Reg.
d1d2d3 . . . dn+2
δ4|4
(
n+2∑
i=1
diZi
)
,
Reg =
1
1 + 〈pξ〉〈p1〉
dn+2
d1
, (B.221)
which is integral over Gr(1, n + 2) Grassmannian. Here, d1×(n+2)D is n + 2-dimensional
volume form in Cn+2 d1×(n+2)D =
∧n+2
i=1 ddi. One of the variables may be set to a pre-
scribed value by fixing GL(1) gauge, while four other variables may be fixed by solving
bosonic part of δ - function constraints δ4|0
(∑n+2
i=1 diZi
)
. So, we are left with (n+2)−5 di-
mensional integral. Now, let us rearrange integrations in ω3n+2 in the following way. First,
we fix GL(1) gauge by imposing δ - function constraint for some da, from d1, . . . , dn+2:∫
Γ
d1×n+2D
Vol[GL(1)]
=
∫
Γ
d1×n+2D d(0)a δ
(
d(0)a − da
)
, (B.222)
were d
(0)
a is some number, for example we can choose d
(0)
a = 1. Next, we can use the
bosonic part of δ - functions δ4|0
(∑n+2
i=1 diZi
)
to solve these constraints for four arbitrary
(but different from da) db, dc, dd, de variables and rewrite the above δ - functions as:
δ4|0
(
n+2∑
i=1
diZi
)
=
1
〈bcde〉
∏
i=b,c,d,e
δ
(
d
(0)
i − di
)
, (B.223)
with
d
(0)
b =
∑
j 6=b,c,d,e
〈cdej〉
〈bcde〉dj, d
(0)
c =
∑
j 6=b,c,d,e
〈bejb〉
〈bcde〉dj,
d
(0)
d =
∑
j 6=b,c,d,e
〈ejbc〉
〈bcde〉dj , d
(0)
e =
∑
j 6=b,c,d,e
〈jbcd〉
〈bcde〉dj. (B.224)
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Finally we rewrite the expression for ω3n+2 as
ω3n+2[Γ] =
d
(0)
a
〈bcde〉
∫
Γ
d1×n+2D
∏
i=a,b,c,d,e
δ
(
d
(0)
i − di
) Reg.
d1 . . . dn+2
δ0|4
(
n+2∑
i=1
diχi
)
. (B.225)
Now we can chose contour Γ = Γabcde in C
n+2 to encircle points d
(0)
i for i = a, b, c, d, e and
di = 0 for all other i. This allows us to replace first four δ - functions left with 1/(d
(0)
i −di)
and rewrite the above integral as
ω3n+2[Γabcde] =
d
(0)
a
〈bcde〉
∫
Γabcde
d1×n+2D
∏
i=a,b,c,d,e
1
d
(0)
i − di
∏
j 6=a,b,c,d,e
1
dj
Reg.δ0|4
(∑n+2
i=1 diχi
)
dadbdcddde
.
(B.226)
Using multidimensional generalization of residue theorem we get
ω3n+2[Γabcde] = Reg.[abcde], (B.227)
where
Reg. =
1
1 + 〈pξ〉〈p1〉
〈a b c d〉
〈b c d e〉
, if one of a, b, c, d, e equals to n+ 2, (B.228)
and
Reg. = 1 in all other cases. (B.229)
Choosing combinations of Γabcde contours we will get linear combinations of the above
terms Reg.[abcde]. In the main text we choose contour similar to the case of [12〉-shift
BCFW representation of NMHVn+1 on-shell amplitude. In particular, in the case of
n+ 2 = 6 this choice provides us with the local expression (free from spurious poles) and
we hope that similar pattern will hold for n + 2 > 6. Cancellation of spurious poles is a
little tricky question and we will consider it in more detail in separate publication.
References
[1] Z. Bern, L. J. Dixon, D. A. Kosower Progress in One-Loop QCD Computations, Ann.
Rev. Nucl. Part. Sci. 46 (1996) 109, arXiv:hep-ph/9602280 v1.
Z. Bern, L. J. Dixon, D.A. Kosower On-Shell Methods in Perturbative QCD, Annal.
of Phys. 322 (2007) 1587, arXiv:0704.2798 [hep-ph],
R. Britto Loop amplitudes in gauge theories: modern analytic approaches, J. Phys.
A 44, 454006 (2011), arXiv:1012.4493 v2 [hep-th],
Z. Bern, Yu-tin Huang Basics of Generalized Unitarity, J. Phys. A 44 (2011) 454003,
arXiv:1103.1869 v1 [hep-th].
48
[2] H. Elvang, Yu-tin Huang, Scattering Amplitudes, arXiv:1308.1697 v1 [hep-th].
[3] R. Britto, F. Cachazo and B. Feng, New recursion relations for tree amplitudes of
gluons, Nucl. Phys. B 715, 499 (2005) [hep-th/0412308].
[4] R. Britto, F. Cachazo, B. Feng and E. Witten, Direct proof of tree-level recursion
relation in Yang-Mills theory, Phys. Rev. Lett. 94, 181602 (2005) [hep-th/0501052].
[5] A. Hodges, Eliminating spurious poles from gauge-theoretic amplitudes, JHEP 1305,
135 (2013) [arXiv:0905.1473 [hep-th]].
[6] V. P. Nair, A Current Algebra for Some Gauge Theory Amplitudes, Phys. Lett. B
214, 215 (1988).
[7] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, Dual superconformal
symmetry of scattering amplitudes in N=4 super-Yang-Mills theory, Nucl. Phys. B
828, 317 (2010) [arXiv:0807.1095 [hep-th]].
[8] E. A. Ivanov, Gauge Fields, Nonlinear Realizations, Supersymmetry, Phys. Part.
Nucl. 47, no. 4, 508 (2016) [arXiv:1604.01379 [hep-th]].
[9] J. M. Drummond, J. M. Henn and J. Plefka, Yangian symmetry of scattering am-
plitudes in N=4 super Yang-Mills theory, JHEP 0905, 046 (2009) [arXiv:0902.2987
[hep-th]].
[10] N. Beisert, On Yangian Symmetry in Planar N = 4 SYM, arXiv:1004.5423v2 [hep-
th].
[11] N. Beisert, J. Broedel, M. Rosso, On Yangian-invariant regularization of deformed
on-shell diagrams in N=4 super-Yang-Mills theory, arXiv:1401.7274 [hep-th].
[12] L. Ferro, T. Lukowski, C. Meneghelli, J. Plefka and M. Staudacher, Harmonic R-
matrices for Scattering Amplitudes and Spectral Regularization, Phys. Rev. Lett. 110,
no. 12, 121602 (2013) [arXiv:1212.0850 [hep-th]].
[13] L. Ferro, T. Lukowski, C. Meneghelli, J. Plefka and M. Staudacher, Spectral Param-
eters for Scattering Amplitudes in N=4 Super Yang-Mills Theory, JHEP 1401, 094
(2014) [arXiv:1308.3494 [hep-th]].
[14] D. Chicherin, S. Derkachov and R. Kirschner, Yang-Baxter operators and scatter-
ing amplitudes in N=4 super-Yang-Mills theory, Nucl. Phys. B 881, 467 (2014)
[arXiv:1309.5748 [hep-th]].
[15] R. Frassek, N. Kanning, Y. Ko and M. Staudacher, Bethe Ansatz for Yangian In-
variants: Towards Super Yang-Mills Scattering Amplitudes, Nucl. Phys. B 883, 373
(2014) [arXiv:1312.1693 [math-ph]].
[16] N. Kanning, T. Lukowski and M. Staudacher, A shortcut to general tree-level scat-
tering amplitudes in N = 4 SYM via integrability, Fortsch. Phys. 62, 556 (2014)
[arXiv:1403.3382 [hep-th]].
49
[17] J. Broedel, M. de Leeuw and M. Rosso, A dictionary between R-operators, on-shell
graphs and Yangian algebras, JHEP 1406, 170 (2014) [arXiv:1403.3670 [hep-th]].
[18] J. Broedel, M. de Leeuw and M. Rosso, Deformed one-loop amplitudes in N = 4
super-Yang-Mills theory, JHEP 1411, 091 (2014) [arXiv:1406.4024 [hep-th]].
[19] N. Arkani-Hamed, F. Cachazo, C. Cheung and J. Kaplan, A Duality For The S
Matrix, JHEP 1003, 020 (2010) [arXiv:0907.5418 [hep-th]].
[20] N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, A. B. Goncharov, A. Postnikov and
J. Trnka, Scattering Amplitudes and the Positive Grassmannian, arXiv:1212.5605
[hep-th].
[21] N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, S. Caron-Huot and J. Trnka, The
All-Loop Integrand For Scattering Amplitudes in Planar N=4 SYM, JHEP 1101,
041 (2011) [arXiv:1008.2958 [hep-th]].
[22] N. Arkani-Hamed, F. Cachazo and C. Cheung, The Grassmannian Origin Of Dual
Superconformal Invariance, JHEP 1003, 036 (2010) [arXiv:0909.0483 [hep-th]].
[23] N. Arkani-Hamed, J. Bourjaily, F. Cachazo and J. Trnka, Unification of Residues
and Grassmannian Dualities, JHEP 1101, 049 (2011) [arXiv:0912.4912 [hep-th]].
[24] L. J. Mason and D. Skinner, Dual Superconformal Invariance, Momentum Twistors
and Grassmannians, JHEP 0911, 045 (2009) [arXiv:0909.0250 [hep-th]].
[25] J. M. Drummond and L. Ferro, Yangians, Grassmannians and T-duality, JHEP
1007, 027 (2010) [arXiv:1001.3348 [hep-th]].
[26] J. M. Drummond and L. Ferro, The Yangian origin of the Grassmannian integral,
JHEP 1012, 010 (2010) [arXiv:1002.4622 [hep-th]].
[27] N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, A. Hodges, J. Trnka, A Note on
Polytopes for Scattering Amplitudes, JHEP 1204 (2012) 081, arXiv:1012.6030 [hep-
th].
[28] N. Arkani-Hamed, J. Trnka, The Amplituhedron, arXiv:1312.2007 [hep-th].
[29] N. Arkani-Hamed, J. Trnka, Into the Amplituhedron, arXiv:arXiv:1312.7878 [hep-th].
[30] Y. Bai and S. He, The Amplituhedron from Momentum Twistor Diagrams, JHEP
1502, 065 (2015), arXiv:1408.2459 [hep-th].
[31] S. Franco, D. Galloni, A. Mariotti and J. Trnka, Anatomy of the Amplituhedron,
JHEP 1503, 128 (2015), arXiv:1408.3410 [hep-th].
[32] Z. Bern, E. Herrmann, S. Litsey, J. Stankowicz and J. Trnka, Evidence for a Non-
planar Amplituhedron, JHEP 1606, 098 (2016), arXiv:1512.08591 [hep-th].
[33] L. Ferro, T. Lukowski, A. Orta, M. Parisi, Towards the Amplituhedron Volume, JHEP
1603, 014 (2016), arXiv:1512.04954 [hep-th].
50
[34] A. Brandhuber, B. Spence, G. Travaglini and G. Yang, Form Factors in N = 4 Super
Yang-Mills and Periodic Wilson Loops, JHEP 1101 (2011) 134, arXiv:1011.1899
[hep-th].
[35] A. Brandhuber, O. Gurdogan, R. Mooney, G. Travaglini, Gang Yang, Harmony of
Super Form Factors, JHEP 1110 (2011) 046, arXiv:1107.5067 [hep-th].
[36] L. V. Bork, On NMHV Form Factors in N = 4 SYM Theory from generalized
unitarity, JHEP 01 (2013) 049, arXiv:1203.2596 [hep-th].
[37] A. Brandhuber, G. Travaglini, Gang Yang, Analytic two-loop form factors in N=4
SYM, arXiv:1201.4170 [hep-th].
[38] Oluf Tang Engelund, R. Roiban, Correlation functions of local composite operators
from generalized unitarity, JHEP 1303 (2013) 172, arXiv:1209.0227 [hep-th].
[39] B. Penante, B. Spence, G. Travaglini, C. Wen, On super form factors of half-BPS
operators in N = 4 SYM., arXiv:1402.1300 [hep-th].
[40] A. Brandhuber, B. Penante, G. Travaglini, C. Wen, The last of the simple remainders,
arXiv:1406.1443 [hep-th].
[41] L. V. Bork, On Form Factors in N = 4 SYM Theory and polytopes, JHEP 1412
(2014) 111, arXiv:1407.5568 [hep-th].
[42] M. Wilhelm, Amplitudes, Form Factors and the Dilatation Operator in N=4SYM
Theory, JHEP 1502 (2015) 149, arXiv:1410.6309 [hep-th].
[43] D. Nandan, C. Sieg, M. Wilhelm, Gang Yang, Cutting through form factors and
cross sections of non-protected operators in N=4 SYM, JHEP 1506 (2015) 156,
arXiv:1410.8485 [hep-th].
[44] M. Wilhelm, Form factors and the dilatation operator in N=4 super Yang-Mills theory
and its deformations, arXiv:1603.01145 [hep-th].
[45] F. Loebbert, D. Nandan, C. Sieg, M. Wilhelm, Gang Yang, On-Shell Methods for
the Two-Loop Dilatation Operator and Finite Remainders, JHEP 1510 (2015) 012,
arXiv:1504.06323 [hep-th].
[46] L. Koster, V. Mitev, M. Staudacher, M. Wilhelm, All Tree-Level MHV Form Factors
in N=4N=4 SYM from Twistor Space, arXiv:1604.00012 [hep-th].
[47] L. Koster, V. Mitev, M. Staudacher, M. Wilhelm, Composite Operators in the Twistor
Formulation of N=4N=4 SYM Theory, arXiv:1603.04471 [hep-th].
[48] D. Chicherin and E. Sokatchev, N=4 super-Yang-Mills in LHC superspace. Part I:
Classical and quantum theory, arXiv:1601.06803 [hep-th].
[49] D. Chicherin and E. Sokatchev, N=4 super-Yang-Mills in LHC superspace. Part II:
Non-chiral correlation functions of the stress-tensor multiplet, arXiv:1601.06804 [hep-
th].
51
[50] D. Chicherin and E. Sokatchev, Composite operators and form factors in N=4 SYM,
arXiv:1605.01386 [hep-th].
[51] Rijun Huang, Qingjun Jin, Bo Feng, Form Factor and Boundary Contribution of
Amplitude, arXiv:1601.06612 [hep-th].
[52] J. M. Henn, S. Moch, S. G. Naculich, Form factors and scattering amplitudes in
N=4 SYM in dimensional and massive regularizations, JHEP 1112 (2011) 024,
arXiv:1109.5057 [hep-th].
[53] T. Gehrmann, J. M. Henn and T. Huber, The three-loop form factor in N=4 super
Yang-Mills, JHEP 1203, 101 (2012) [arXiv:1112.4524 [hep-th].
[54] R. H. Boels, B. A. Kniehl, O. V. Tarasov, Gang Yang, Color-kinematic Duality for
Form Factors, JHEP 1302 (2013) 063, arXiv:1211.7028 [hep-th].
[55] R. Boels, B. A. Kniehl and G. Yang, Master integrals for the four-loop Sudakov form
factor, arXiv:1508.03717 [hep-th].
[56] Oluf Tang Engelund, Lagrangian Insertion in the Light-Like Limit and the Super-
Correlators/Super-Amplitudes Duality, JHEP 1602 (2016) 030, arXiv:1502.01934
[hep-th].
[57] A. Brandhuber, M. Kostacinska, B. Penante, G. Travaglini and D. Young, The
SU(2|3) dynamic two-loop form factors, arXiv:1606.08682 [hep-th].
[58] L. V. Bork and A. I. Onishchenko, On Soft Theorems And Form Factors In N=4
SYM Theory, arXiv:1506.07551 [hep-th].
[59] R. Frassek, D. Meidinger, D. Nandan and M. Wilhelm, On-shell Diagrams, Graß-
mannians and Integrability for Form Factors, arXiv:1506.08192 [hep-th].
[60] M. Wilhelm, Form factors and the dilatation operator in N = 4 super Yang-Mills
theory and its deformations, arXiv:1603.01145 [hep-th].
[61] L. V. Bork and A. I. Onishchenko, Grassmannians and form factors with q2 = 0 in
N=4 SYM theory, arXiv:1607.00503 [hep-th].
[62] A. van Hameren, BCFW recursion for off-shell gluons, JHEP 1407, 138 (2014)
[arXiv:1404.7818 [hep-ph]].
[63] L. N. Lipatov, Gauge invariant effective action for high-energy processes in QCD,
Nucl. Phys. B 452, 369 (1995) [hep-ph/9502308].
[64] E. N. Antonov, L. N. Lipatov, E. A. Kuraev and I. O. Cherednikov, Feynman rules
for effective Regge action, Nucl. Phys. B 721, 111 (2005) [hep-ph/0411185].
[65] R. Kirschner, L. N. Lipatov and L. Szymanowski, Effective action for multi - Regge
processes in QCD, Nucl. Phys. B 425, 579 (1994) [hep-th/9402010].
[66] R. Kirschner, L. N. Lipatov and L. Szymanowski, Symmetry properties of the ef-
fective action for high-energy scattering in QCD, Phys. Rev. D 51, 838 (1995)
[hep-th/9403082].
52
[67] P. Kotko, Wilson lines and gauge invariant off-shell amplitudes, JHEP 1407, 128
(2014) [arXiv:1403.4824 [hep-ph]].
[68] A. van Hameren, P. Kotko and K. Kutak,Multi-gluon helicity amplitudes with one off-
shell leg within high energy factorization, JHEP 1212, 029 (2012) [arXiv:1207.3332
[hep-ph]].
[69] A. van Hameren, P. Kotko and K. Kutak, Helicity amplitudes for high-energy scat-
tering, JHEP 1301, 078 (2013) [arXiv:1211.0961 [hep-ph]].
[70] A. van Hameren and M. Serino, BCFW recursion for TMD parton scattering, JHEP
1507, 010 (2015) [arXiv:1504.00315 [hep-ph]].
[71] L. V. Gribov, E. M. Levin and M. G. Ryskin, Semihard Processes in QCD, Phys.
Rept. 100, 1 (1983).
[72] S. Catani, M. Ciafaloni and F. Hautmann, High-energy factorization and small x
heavy flavor production, Nucl. Phys. B 366, 135 (1991).
[73] J. C. Collins and R. K. Ellis, Heavy quark production in very high-energy hadron
collisions, Nucl. Phys. B 360, 3 (1991).
[74] S. Catani and F. Hautmann, High-energy factorization and small x deep inelastic
scattering beyond leading order, Nucl. Phys. B 427, 475 (1994) [hep-ph/9405388].
[75] F. A. Berends and W. T. Giele, Recursive Calculations for Processes with n Gluons,
Nucl. Phys. B 306, 759 (1988).
[76] D. A. Kosower, Light Cone Recurrence Relations for QCD Amplitudes, Nucl. Phys.
B 335, 23 (1990).
[77] B. Feng and Z. Zhang, Boundary Contributions Using Fermion Pair Deformation,
JHEP 1112 (2011) 057 arXiv:1109.1887 [hep-th].
[78] C. H. Fu and R. Kallosh, New N=4 SYM Path Integral, Phys. Rev. D 82, 125022
(2010) [arXiv:1005.4171 [hep-th]].
[79] J. Broedel and R. Kallosh, From lightcone actions to maximally supersymmetric
amplitudes, JHEP 1106, 024 (2011) [arXiv:1103.0322 [hep-th]].
[80] L. J. Dixon, Calculating scattering amplitudes efficiently, In *Boulder 1995, QCD
and beyond* 539-582 [hep-ph/9601359].
[81] L. V. Bork, D. I. Kazakov, G. S. Vartanov, On form factors in N = 4 SYM, JHEP
1102 (2011) 063, arXiv:1011.2440 [hep-th].
[82] L. V. Bork, D. I. Kazakov, G. S. Vartanov, On MHV Form Factors in Superspace
for N = 4 SYM Theory, JHEP 1110 (2011) 133, arXiv:1107.5551 [hep-th].
[83] J. Maldacena and A. Zhiboedov, Form factors at strong coupling via a Y -system,
JHEP 1011 (2010) 104, arXiv:1009.1139 [hep-th].
53
[84] Zhiquan Gao, Gang Yang, Y-system for form factors at strong coupling in AdS5 and
with multi-operator insertions in AdS3, JHEP 1306 (2013) 105, arXiv:1303.2668
[hep-th].
[85] H. Ooguri, J. Rahmfeld, H. Robins and J. Tannenhauser, Holography in superspace,
JHEP 0007, 045 (2000) [hep-th/0007104].
[86] D. Mller, H. Mnkler, J. Plefka, J. Pollok and K. Zarembo, Yangian Symmetry of
smooth Wilson Loops in N = 4 super Yang-Mills Theory, JHEP 1311, 081 (2013)
[arXiv:1309.1676 [hep-th]].
[87] N. Beisert, D. Mller, J. Plefka and C. Vergu, Smooth Wilson loops in N = 4 non-
chiral superspace, JHEP 1512, 140 (2015) [arXiv:1506.07047 [hep-th]].
[88] J. M. Maldacena, Wilson loops in large N field theories, Phys. Rev. Lett. 80, 4859
(1998) [hep-th/9803002].
[89] S. J. Rey and J. T. Yee, Macroscopic strings as heavy quarks in large N gauge theory
and anti-de Sitter supergravity, Eur. Phys. J. C 22, 379 (2001) [hep-th/9803001].
[90] L. J. Mason and D. Skinner, The Complete Planar S-matrix of N=4 SYM as a Wilson
Loop in Twistor Space, JHEP 1012, 018 (2010) [arXiv:1009.2225 [hep-th]].
[91] S. Caron-Huot, Notes on the scattering amplitude / Wilson loop duality, JHEP 1107,
058 (2011) [arXiv:1010.1167 [hep-th]].
[92] N. Beisert, S. He, B. U. W. Schwab and C. Vergu, Null Polygonal Wilson Loops in
Full N=4 Superspace, J. Phys. A 45, 265402 (2012) [arXiv:1203.1443 [hep-th]].
[93] A. Brandhuber, P. Heslop and G. Travaglini, A Note on dual superconformal sym-
metry of the N=4 super Yang-Mills S-matrix, Phys. Rev. D 78, 125005 (2008)
[arXiv:0807.4097 [hep-th]].
[94] N. Arkani-Hamed, F. Cachazo and J. Kaplan, What is the Simplest Quantum Field
Theory?, JHEP 1009, 016 (2010) [arXiv:0808.1446 [hep-th]].
[95] S. Franco, D. Galloni, B. Penante and C. Wen, Non-Planar On-Shell Diagrams,
JHEP 1506, 199 (2015) doi:10.1007/JHEP06(2015)199 [arXiv:1502.02034 [hep-th]].
[96] A. Postnikov, Total positivity, Grassmannians, and networks, math/0609764
[math.CO].
[97] S. Franco, Bipartite Field Theories: from D-Brane Probes to Scattering Amplitudes,
JHEP 1211, 141 (2012) [arXiv:1207.0807 [hep-th]].
[98] J. L. Bourjaily, Positroids, Plabic Graphs, and Scattering Amplitudes in Mathematica,
arXiv:1212.6974 [hep-th].
[99] E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun.
Math. Phys. 252, 189 (2004) [hep-th/0312171].
54
[100] H. Elvang, Y. t. Huang, C. Keeler, T. Lam, T. M. Olson, S. B. Roland and
D. E. Speyer, Grassmannians for scattering amplitudes in 4d N = 4 SYM and 3d
ABJM, JHEP 1412, 181 (2014) [arXiv:1410.0621 [hep-th]].
[101] Junjie Rao ,Soft theorem of N = 4 SYM in Grassmannian formulation , JHEP 1502
(2015) 087 [arXiv:1410.5047 [hep-th]].
[102] F. Gliozzi, J. Scherk and D. I. Olive, Supersymmetry, Supergravity Theories and the
Dual Spinor Model, Nucl. Phys. B 122, 253 (1977).
[103] L. Brink, J. H. Schwarz and J. Scherk, Supersymmetric Yang-Mills Theories, Nucl.
Phys. B 121, 77 (1977).
55
